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A compact spatial Hamiltonian equation for gravity waves on deep water has been derived. The equation is
dynamical and can describe extreme waves. The equation for the envelope of a wave train has also been

obtained.
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1. INTRODUCTION

Surface gravity waves generated in the laboratory
tank (or flume) is one of the most studied examples of
nonlinear wave evolution. Numerical simulation of
such wave evolution has to be its integral part. These
waves are usually described by the classical Hamilto-
nian system of equations for potential flows with the
truncated Hamiltonian [1]:

H = %Ignz +yhydx - %I{(léw)z —(y,) ndx
) - (D
+ %J' W N kY + wkinkmkw) )dx

with the Hamiltonian variables, where n(x, 7) is the
surface profile and y(x, 7) is the potential at the sur-
face. Equations of motions are the following:

8_\|! __%H 8_1] _0H (2)

ot ' o Sy
These equations describe Cauchy problem in time,
one has to set up initial conditions n(x, 0) and y(x, 0)
at =0 at all x. However, in the flume situation is dif-
ferent. Typically, at the one end of the flume there is a
wavemaker (piston or paddle) which generates (in the
ideal case) n(0, #) and (0, 7). Thus, we have to solve
Cauchy problem in space. If we restrict ourselves to an
envelope of the wave train, than the equations for spa-
tial Cauchy problem were derived in [2, 3] directly
from Zakharov equation. They derived special analo-
gies of both the nonlinear Schrodinger and Dysthe
equations. Their Hamiltonian structures and new
invariants were studied in [4]. However, to study waves
with extreme amplitudes, freak-waves, the envelope

IThe article is published in the original.

181

approximation is not enough. In other words, to sim-
ulate real nonlinear waves, we need spatial dynamical
equation for water waves. Below, this equation is
derived for the case of one horizontal direction (nar-
row flume).

2. SUPERCOMPACT EQUATION
Let us recall very briefly the Zakharov equation for
water waves. It can be derived by two steps.

First, instead of n and y, normal canonical variable
a, is introduced:

w .
Ny = 1,—k(ak +a%), Yy =—1 L(ak —a’),
2g 20,

@y =\/§-

Second, canonical transformation from g, to b, is cho-
sen to cancel all nonresonant terms in the Hamilto-
nian, both the third and fourth orders.

As a result, the Hamiltonian acquires the form:

H= jwkbkbf dk
(3
+ %ka’Zkzb,f‘ bbb S sty dkdkidkyds,

The explicit (and cumbersome) expression for 7, k’;j]k3 be
found in [1, 5]. The motion equation is the following:

b, SH _ 4)

ot b

. . kyk .
For one-dimensional waves, T}, ,j] * has very important

for further—it is equal to zero on the four resonant
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manifold [6]. This property allows applying another
canonical transformation from b, to c¢;, namely,

b, =c, — J-Bk2k3cklck2ck38k+kl_kz_k3dk1dk2dk3 +
with

kak
_ T
kk, ] (5)
O)k +(’0k1 _0‘)/(2 _O)k

kazks

=koks Kk,
Bkk, =1

3

This transformation replaces Tkljflk-’ by T, k’Zk3 in (3).

Coefficient T % can be any function having the same
values on the four—wave resonant manifold:

O“)k + (Dkl = (Dkz + O“)k3‘

(6)

In [7, 8], the choice of fkljj]k-‘ allowed obtaining the
Hamiltonian in a compact way. However, it was shown

in [9, 10] that the best choice for 7' k’jf" is the following:

(kkikyks)"?

=~ kk,

Tkzk3 = Tmln(kzklakZ:kB) (7)
X 0,000,
where 6, = 0(k) is the Heaviside step function.

The Hamiltonian can be written in the x-space:

H = Ic* Vedx
- (8)
lj[i(czic*z -2 ) - PR )}zx
2914\ ox Sx
Here, the operator V' in k-space is so that V, = w,/k.

When introducing along with this the Gardner—
Zakharov—Faddeev bracket

J, & ik0, )]
the equation of motion becomes the following:

ot ¥ Sc*

=0. (10)

Introducing advection velocity

AU = Kl (11)

and taking variational derivative, one can write
Eq. (10) in the form

%+i(bc—i8 (|clzg;) 9 (Uc). (12)

3. DERIVE SPATIAL EQUATION

Equation (12) for water waves can be written in
k-space:
iék - (chk

k9 |
kj k,;,I;Ck,Ckzck36k+kl—kz—k3dk1dk2dk3s

(13)
kk .
Ty, = min(k, k, k,,k3).

Performing Fourier transformation over time and
multiplying the result by o + w, one can easily get:

k0O
A L)

X [ Tl Cion (14)
X S sty kst Oy, dM A3, d 0,d 5.

For the waves with small amplitudes, all harmonics ¢,
are focused near the dispersion curve:

(15)

is the nonlinear frequency shift. Obviously,

o= +/gk +®,,.

Here, ®©,,

2
(DnINC.

Thus, gk on the right-hand side of Eq. (14) can be

replaced by w?. The inclusion of @,, would give terms
of higher order in Eq. (14). Such terms should be omit-
ted. Therefore,

2 20 |
((D - gk)ck(x) = _2(271:)2

o’}
T 2 2 Ck,wlckzmzck;%

o dkydlrdld0,do,d o,

(16)
X 6k+k1—k2—k38m+m,—w2

Now we can perform backward Fourier transforma-
tion of the Eq. (16) over space and get spatial equation
for water waves:

mml
T c Cor,Car,O vt -y, A WA ;.

This equation can be written in the Hamiltonian form

icm =i S—I—i
X dc,,

with the third-order bracket

3
l(t) Ha—3
ot
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and the Hamiltonian

J.T&i °§'c CorCorCarOirtr, 0, dOAD AW 3.

Explicit form of T‘” of in (13) is the following:
(’)kwkl _
oo, —(mk + OJk] + (ok2 + m,ﬁ
2 2
— |y - wk2| - |mk - mk3| - |0~)k1 - O)k2| - |0)k, — )

and it allows the compact form of the quartic part H;,,
of the Hamiltonian:

H, = %I|c|2(b'*c + éc*)dt
2g
+ LZJ-|C|219(C'C* + ¢ct)dt.
g
Using the relation

b=H ai (H is the Hilbert transformation),
t

the fourth-order part of the Hamiltonian can be writ-
ten as

H, = L}J-|c|2((':'*c + éc*)dt
2g
+L j P A (éc* + ce*)t.
g

The equation of motion has the form

3
ic = 8_35_11 (17)
ox  dt> oc*
or in ¢-space:
2
9.y ia—c
ox  got’
1 2°a%, 2 2. .. 2}
= cc)+ 2cl°¢ + ¢*c 18
L 2 2o+ 2 (s)
%aa—[ t(c6)|c|2) + @l + cdxec — cé*):l.
Consequently, Eq. (18) with the Hamiltonian
H=1 j Lic,fdw
(19)

+L3J'|c|2('c’*c + éc*)dt + —2J|c|2(b(éc* + éc*)dt
2g g

solves the spatial Cauchy problem for surface gravity
waves on deep water.

JETP LETTERS Vol. 103 No.3 2016

4. BACK TO n AND y

According to canonical transformation n, and ,
are power series of ¢; up to the third order:

@ 2 3)

(0] 2)
Ne =N +MNe” TN

v = v v+l (20)
Details of the recovering physical quantities n(x, #) and
Y(x, #) are given in [9, 11]. Here, we focus on the n
only. Obviously,

1 *
ngcl) - [ck + c—k]n
20

k

or

n"(x, 1) = [k c(x, 1) + k™ e(x,0)*].

\/ng

Operators k* act in Fourier space as multiplication by
|k|*. Following [9, 11], let us consider transformation
for n taking into account only first and second order
terms.

Then,

k [/€71/4c(x, 1) — /271/4c*(x, t)]z.

s

Using approximate relation (15), one can get the fol-
lowing compact formula for the physical observed
value n:

n?(x,0) = 1)

&2

nx,t) = \/_ [e(x,1) + c*(x,1)]

9’ 1

- [A “le(x, 1) -

c*(x,t)]] +....

5. FREQUENCY NARROW BAND
APPROXIMATION

From Eq. (18), one can easily derive equation for
envelope of modulated wave train. Obviously, such a
wave train propagates with the group velocity and it is
convenient to introduce reference system moving with
this velocity. So, let ¢(x, f) be almost monochromatic
wave with the frequency w,:

R
v
&
()
(DO = J?%’ Vg = —O

2k’
where capital C(x, f) is a slowly varying function. Plug-
ging (22) into the motion Eq. (18), and keeping in the

(22)
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nonlinear part of the equation term with no more the
first time derivative, one can derive the equation

. 2
iC.FLB_

ox gor’

4
_ 4o,
-3

.5
C +—2’°3’0|C|2C
& (23)
[4|C|2c' +%czc'* + ic(ucﬂ.

This is Dysthe equation for spatial Cauchy problem.
Dropping the small corrections, namely the right-hand
side, we end up just with the nonlinear Schrodinger
equation. So, we have now both full dynamical equa-
tion (18) and envelope approximation (23). The Ham-
iltonian of the NLSE is the following:

5
H = lj[|c‘|2 —“’—g|cr‘}zz
g g
and the equation of motion is:

9= ;94
ox oC*

6. CONCLUSIONS

The spatial compact equation is the most conve-
nient tool for comparison of the theory of nonlinear
gravity waves on deep water and their experimental
study in laboratory wave tanks. It can be easily solved
numerically by the use of spectral code. We plan to

present the results of our numerical simulations
shortly.
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