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We apply a canonical transformation to a water wave equation to remove cubic nonlinear terms
and to drastically simplify fourth-order terms in the Hamiltonian. This transformation explicitly uses
the vanishing exact four-wave interaction for water gravity waves for a 2D potential fluid. After
transformation, the well-known but cumbersome Zakharov equation is drastically simplified and can
be written in X-space in a compact form. This new equation is very suitable for analytical studies and
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1. Introduction

The work described here was motivated by two remarkable
facts regarding the hydrodynamics of a one-dimensional free
surface:

e We previously showed that the four-wave interaction coeffi-
cient vanishes on the resonant manifold [1]

k+ ki = ky + ks,

Wk + W = Wy + W5

e We have also demonstrated that a giant breather that is
highly nonlinear exists on the fluid surface in the absence
of radiation [2,3]. Moreover, the space-time spectrum of the
breather consists of waves propagating in the same direction.

These two facts indicate that fourth-order wave interactions
can be drastically simplified by some canonical transformation of
the Hamiltonian. Below we show the form of this transformation.
The dynamic equation derived using this transformation is very
elegant and simple and can easily be generalized for “almost one-
dimensional waves.
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2. Zakharov’s equation

The one-dimensional potential flow of an ideal incompressible
fluid with a free surface in a gravity field is described by the
following set of equations:

¢xx + Pz =0 (¢, —> 0,z — —00),
Ne + NxPx = ¢z|z:;7

1
¢ + 5<¢3 +¢2) +gn= 0],

where 7 (x, t) is the shape of the surface, ¢ (x, z, t) is the potential
function for the flow and g is gravitational acceleration. As previ-
ously shown [4], the variables n(x, t) and ¥ (x, t) = ¢(x, z, t)|,_,
are canonically conjugated and satisfy the equations

9y  SH 9y  SH
at — &p at sy’

where H = K 4 U is the total energy of the fluid with the following
kinetic and potential energy terms:

1 n
K:ffdx/ v2dz U:gf 2dx.
2 . 2

It is convenient to introduce a normal complex variable a;:

[ . g
M = /2—é<a,<+aik) n/sz—z,/z—wk(ak—atk),
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where w, = +/gk is the dispersion law for the gravity waves, and
the Fourier transformations ¢ (x) — vy and n(x) — ny are de-
fined as follows:

fim —— / foe Py, fx) = —— / fee T dk
Vo ’ Nez3 '

The Hamiltonian can be expanded in an infinite series in powers
of ay [4,5]:

H=H,+Hs+H4+---.
This variable ay, satisfies the equation
8ak . §H B

i— =0,
ot + sa;

where
Hz = /a)kaka:dk,
Hy = | V§ o {Gia, ax, + aay, )}, —i, dkdkydk,

1
+ 3 / Uk ky {Qelk; Gy + @i, O, Yk +k, dkdkr e

Ukkik, =

L, = (kky) + K| [y .

The fourth-order part of Hamiltonian is:

k] k2

1 k3k
Hy = E / w3 4a,’§1a,’jzak3ak48k1+k2,k3,k4dk1dkzdk3dk4
1

3
X 8k1+k2+k3—k4 dk] dkzdkgdk4

kq * % % *
+3 f Gk1I<2k3 (ak1 Ay Ajey Ay + Qi iy Oy ak4)

L
12
X 5k1+k2+k3+k4dk1 dkzdk3dk4,

* * * *
/ Ricikykska (alq Ay ey Ay + Qi Ak, Ary ak4)

ksksg kg .
were W ", G li,k, aNd Rikyksk, are equal to:
’(3k4 _ _1 k]kz 7](37](4 k]*kg, kz*k3
kiky = 35— MZy .y, ¥ Mo 7 = My, — My,
k] 7k4 k277(4
- Mkz—kg - k]—k3
ks I NS ky—kq Ki—kg kaky
Gk1’<2k3 - 327 I:Mk]kz + Mk1’<3 + Mk2k3 - ng—k4
kiks kaks
- M’Q—k4 - Mk]—k4
R _ —1 Mk3k4 Mk2k4 Mk2k3
kikokskg — ﬂ kiky + kqks + kikyg
k]k4 ’(1[{3 k]kz
+Mk2k3 + Mk2k4 + Mk3k4 ?
where

3 1
M = Ikika|3 |kskal# (ki + Ks| + ki + ka
+Hka + ksl + [k + kal — 2|k; | — 2|k ).

Now we can apply canonical transformation from variables aj to by

to exclude nonresonant clubic terms and nonresonant fourth-order
. . kg . .

terms with coefficients le Kok and Ry, k, ks, This transformation up

to accuracy O(b°) has the form [4,6,7]:
ap = by + / Fkklkzbkl bszsk—k]szdk]dkz

-2 / T2 b}, iy Sty Ak 1k

* Lk
+ /Fkklkzbk]bk28k+k1+k2dkldk2
B2*3p* by by, dk;dk,dk
+ kky Dky Dk Dis Oty —ky —k3 AK10K2AK3
k3 —
+ /Ckk]kzbklbkzbk38’<+k1+k2—k3dk1dk2dk3
% Lk Lk
+/%%%%%MmmMMMh 1)
where
k2’<3 _ k] k3 k] kz k k3
Bqu - Fk] —ky 1_"(](3*]( + Fk3k1 —k3 Fkszk - szk—kz Fk1k37k1
k: k+k ky+k
1 2 1 2 3
- 1-}(3k]—’(3 k1ky —kq - n(k] Fk2’<3
Skkq
+ Ik I —ky—kskaks + Bl
k
rko— _ Virky Fo = Ukey
kiky — 5 kkiky —

Wk — Wi, — Wk, wg + Wiy + Wy,

and E;ﬁ';}g is an arbitrary function satisfying the following symmetry
conditions:

Bk ~kik =Kk
koks koks k3ko

— Rkaks
- _(Bkk1 ) .

Coefficients C,f,fl k, and Sk ki, provide vanishing corresponding
fourth-order terms in the new Hamiltonian.

After transformation of (2.1) the Hamiltonian takes the follow-
ing form:

H = /wkbkb;'Sdk

1 Skoks
+ 3 (Tkky Jeaks — (@k + @1y — Ok, — O5)Bjg *)

X bzbzl bkzbk38k+k1,kZ,k3dkdk1dk2dk3 + e (2.2)

IfB2* = 0,Eq.(2.2)is known as Zakharov's equation. Here Ty, ks
satis%ies the symmetry conditions:

Tk, koks = Thykokoks = Tkky ksky = Thokskky
and has the form:
1

Thiy koks = Wi V —ky V —
1.K2K3 (]k,kzk3 kkzk k2 ’(3k1k3 k]
Wy, =+ wy ky — Wk

1

Wiy + Wpy—ky — Wiy

] — Viikaky —ky Vieakies —k

1 1
X +
Wiy + Oy—ky — Dk; Ok + Okg—k — Dpy
V V L
— Viksk—ks Vigkikg—ky | ——————————
Wy + Wk—l; — Wk
1

wk] + a)szh - a)kz

} — Vsl —k3 Vigkiy —k

1 1
X +
Wiy + Oky—ky — Wiy O + Opy—k — Wi,y
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1
= Vietkq ke V) S —
1kky Vky+k3kok3
Wik — Wk — Wiy
1
+ — U_k—kykky U—ky—k3koks
Wiy tk3 — Wy — Wiy

] . (2.3)

[ 1 1

X

Witk; T Ok + Ok, Opytky T Dky + Wiy
Now we address the key point of this article: appropriate choice

of B in (2.2) is based on two items:
koks

(1) The coefficient Ty, r,«, is identically equal to zero for the res-
onant manifold [1]:

k+ ki =ky + ks,

Wy + W, = Wy, + W, (2.4)
with nontrivial solution:

k=a(l+¢)?

ki =a(1+0)%¢?,

ko = —ag?,

ks = a(1+¢ +¢H)?, (25)

where0 < ¢ < 1anda > 0.Thisis the only nontrivial solution
for (2.4).

(2) We also consider waves moving in the same direction, which
allows us to consider only positive wavenumbers k. This as-
sumption came from numerical simulations [2,3].

This fact and observation allow a drastic simplification of
the Hamiltonian. We can remove the cumbersome expression
for Tik, k,k; in (2.2) and retain only its diagonal part, which
corresponds to trivial four-wave scattering:

k2 = I(], k3 = k, or k2 = k, k3 = ]C]. (26)
This is equal to

Kky 1
Tiky = Ty, = E”{”k” (Ik+ ke — [k — ki) . (2.7)

Using this diagonal part, we can construct the following function
(with tilde):

~ 1
Tlfzkllg = |:2(Tkk2 + Tiks + Tieyky, + Theyks) (2.8)
1
- Z(Tkk + Ty + Tigiy + Tl<3k3):|9(’<)9(k1)9(k2)9(’<3), (2.9)
0, ifx<O0;
000 = {1, ifx > 0.

Consider the case in which all the waves move in the same
direction. This means that all k values have the same sign. Thus,
let k; > 0, and

b o~ eitkx=0t)

Then T,fzk,}g can be significantly simplified, and the modulus for
|k 4 k4], |k| and |kq| can be dropped. Now

1
Ty, = —kky (k+ ki — [k —kq]) .
4
Simple calculations yield

koks

~ 1
Th [—S(kkzlk — ky| + kks|k — k3| + kika|ky — ko]
T

1
+ kikslky — k3|) + g(kkl(k + k1) + koks (ks + k3))]

x 0(k)6 (k1)0 (k2)O (k3). (2.10)

3. Compact equation

Sk
We choose By, ;.. as follows:

Kkkq T-kkq
B Tioks = Thois
ks = . (3.11)
Wk + Wiy — Wi, — Wiy
This makes the four-wave coefficient in (2.2) equal to T,ff,g Note
that Eq. (3.11) for Bl,:’;}q has no singularity for the resonance

manifold (2.4) because T,

following relations for K and the space derivative,

vanishes on that manifold. Using the

0]
kb < i—b*(x), (3.12)
ox
.0
kb, < —i—b(x), (3.13)
0x
|k — ka|bjby, < K(IbCO), (3.14)
the Hamiltonian can easily be written in X-space:
N i
# = | b*(gK)"*bdx + —
/ &K) o+ 1o
a d
x / b2 —(b') — B> —(b*?) | dx
ax ax
1 2 72
2 b|* - K(|b'|")dx, (3.15)

where b’ = %b After integrating by parts, the Hamiltonian takes
the form:

. 1
¥ = /b*(gK)”zbdx—i- Z/ |b'|?

i * s/ I 2
X [z(bb — b*b") — K|b| j| dx. (3.16)
The corresponding equation of motion is:
ob A i 0 0 0
i K 1/2b - b*i b/2 _ b*/ibz
e = &0 +8|: ax ) o Pk
1 > 712 d 22 2
——|b-K(b'|*) = —(B'K(b|?)) | . (3.17)
4 ox
4. Some solutions
4.1. Monochromatic wave
A monochromatic wave
b(x) = Bye'(ox~o0 (4.18)

is the simplest solution of (3.17). Indeed, substituting (4.18) into
Eq. (3.17) yields the following relation:

1 3 2
Wy = Wy, + E’(O|Bo| . (419)

Recalling the transformation from a; to by, we can see that for
waves with small amplitude (ay =~ by)

Wi,
B2 = Pko 2
|Bo| ko Mo
and relation (4.19) coincides with the well-known Stokes correc-
tion to the frequency due to finite wave amplitude.

_ 1o
wy =y, | 1+ 2I<0|no| . (4.20)
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4.2. Modulational instability of a monochromatic wave
We consider a perturbation to the solution

b= Boei(kox—(uof)

where

By by, e kox =k gy

e,

and

1 1 ok
Elbkolzkg = =Ty Ibiy |

1T 2.3
Wy = Wy, + E|Bo| k. 5 Tkoko

The perturbed solution has the following form:

b = (b, + Sbig ke k" + by, e Pkl )e w0t

with the following condition:

Q= —2_4.

Substituting the perturbed solution (4.21) into the equation

(4.21)

r 1 (-~
iby = by + - / Tt b bieyDiey Sty —ky —ky A dkpdlks,

we obtain the sum of two independent equations:

|:i8i7k0+k + (wo + $21)8bky+k = Wiy+kSbry+k

~kotkko . 12 1ok tkko—kp 2 ops
+ Tigsrico 1Po 1" 8big+k + ETkOkO biey 8biey—i

X e w0t |:1'55k0—k + (wo + $2_)8byy—k = wky—kSbyy—k

~ko—kko 1. 12 1 o—kkotk 2 ops —iwpt—iS2_gt
+ Tiy—ky 1Dk |“8bry—k + ETkOkO bieySbis4ic | € .

~ ko +kk ko—kko-+k
Ttk qpg 1o Mot
koko

Expressions for can be easily obtained

ko-+kk
from (2.10): oo
~ kK ko(3ko — |k]) k
ko—+kki 0 0 0 0 2 2
Tk§+kk§ = + Tk + E(k0 —kolk] + k%), (4.22)
k k2
ko—kko+k __ 0 2
Tioko =5 (ko — kolk| — ?> . (4.23)
Considering even and odd powers of k, we can see that
_ B B |?
2 = Dotk — Phok [Bol (3ko — [K)k.
2 2
We denote
d(k) = Wik — 2wk, + Dko k-
2
Then
fol |BO|2k0 2 2
i3ty i = )b+ —— (kg — Kolk| + K)3big
B2ko K\
+ OT (k(z) — kolk| — E) 8Dy -
Suppose 8by,« grows according to
8bryk = Sbyyke™".
Then we can easily obtain the following formula for y4:
3|By|?
W = [—d(k) - ikokz}
4
2 IkI\*

If we introduce the steepness of the carrier wave wy,u? = |Bo|*k}
and approximate d(k) as

1,5 1K
d(k)_—ga)kok :_géL)kO%,

then the growth rate is

10; k| \> K
2 ko 22| .2
k™8 kg ( M |: (<0 2 8

The difference between this formula and the well-known expres-
sion derived from the nonlinear Schrodinger equation is high-
lighted by the two terms in bold.

4.3. Breathers

An equation for the amplitude of the wave train can easily be
derived from (3.17). We introduce envelope B(x, t) so that

b(x, t) = B(x, t)e'kox—®oD (4.25)

B(x, t) is also a normal Hamiltonian variable and the Hamiltonian
takes the form:

1
H = fB*(@OM — og)Bdx + 7 / |B" + ikoB|*
i .
x [2(3(3/* — ikoB*) — B*(B' + ikoB)) — K|B|2:| dx,

where the operator @y, acts in k-space as /g (ko + k).

It is convenient to introduce the following operator S:
A a
SB = —B + ikgB.
X
Then the Hamiltonian can be written as:

A [
5= [ BGngra - wngpptnt [ 1588

x [;(B(§B)* — B*SB) — 12|B|2] dx. (4.26)

A variation of the Hamiltonian (4.26) dynamic equation for
B(x, t) is:

: 14 i A A A
iB = (Wkytk — @iy)B — ZS |:<§(B(SB)* — B*SB) — K|B|2> SBi|

i A A on 1 A
- §(5(|53|23) + |SB|?SB) — ZB * K|SB|?. (4.27)
The breather is the solution of (4.27) in the following form:
B(x, t) = B(x — Vt)e "', (4.28)

It satisfies the following equation:
— VB4 2B = (&yy+k — Wky)B

14 i opy* *op\vivRI2 | ©
_ZS E(B(SB) — B*SB)K|B|* | SB

i A on A 1 .
- §(5(|53|23) + |SB|*SB) — ZB « K|SB|?. (4.29)

V is close to the linear group velocity. The solution to (4.29) can
be found numerically and is a generalization of the well-known
soliton solution for the nonlinear Schrodinger equation. Indeed, for
very small steepness we can neglect the derivative in the nonlinear
terms, set V = wjand obtain a stationary NLS equation:

1
QB=—w, B"+ 5/<3|B|23. (4.30)

Taking into account first derivatives and the operator K in the
nonlinear term, we can easily obtain the Dysthe equation.
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5. Conclusion

A simple equation describing the evolution of 1D water waves
is derived based on the important property of a vanishing four-
wave interaction for gravity water waves. This property allows
drastic simplification of the well-known Zakharov equation for
water waves, which is very cumbersome. When written in
X-space instead of K-space, the equation allows further analytical
and numerical study. The simple Hamiltonian obtained after
canonical transformation raises a question about the integrability
of equations for the potential flow of a fluid in a gravity field. This
question remains open.

This new equation can be generalized for “almost 2D waves”
or “almost 3D fluid”. Waves that are slightly inhomogeneous
in the transverse direction can be considered in the spirit of
the Kadomtsev-Petviashvili equation for the Korteweg-de-Vries
equation: the frequency wy can be treated as 2D, wy, ky, while

leaving the coefficient T,fzk,jg in (2.10) not dependent on y. b now
depends on both x and y:

R 1 ,
H = /b*a)kxlkybdxd‘)/‘{‘ Z/'bxlz
x [;(bb;* — b*b)) —12x|b|2] dxdy. (5.31)

For the pure 1D case, this is much more applicable than the
nonlinear Schrodinger equation or the Dysthe equation. Note that

it does not contain multiple integrations in Fourier space and is
written in coordinate space.
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