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The role of the generalized Phillips’ spectrum in wave turbulence
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We suggest the generalized Phillips’ spectrum, which we define as that spectrum for which the sta-
tistical properties of wave turbulence inherit the symmetries of the original governing equations, is, in
many circumstances, the spectrum which obtains in those regions of wavenumber space in which the
Kolmogorov–Zakharov (KZ) spectra are no longer valid. This spectrum has many very special properties.
We discuss its connection with the singularities which are associated with the whitecap events observed
in windblown seas.

© 2008 Elsevier B.V. All rights reserved.
Wave turbulence, the study of the long time statistical behavior
of a sea of weakly nonlinear dispersive waves, usually in the pres-
ence of sources and sinks, tends to be considered in the category
of solved problems. After all, one has a natural asymptotic closure,
manifested as a kinetic equation for the spectral number density
nk and a nonlinear frequency renormalization depending only on
nk . Moreover, the kinetic equation has stationary solutions corre-
sponding both to equipartition (Rayleigh–Jeans) and finite flux or
Kolmogorov–Zakharov (KZ) which allow for constant transport of
some conserved density (such as energy or wave-action/particle
number) between sources and sinks in wavenumber space [1].
A complete theory? Nothing could be further from the truth.

The main reason that the theory is incomplete is that it is al-
most never valid over all length scales [2,3]. In one dimension,
in fact, there are circumstances in which it is not valid at any
length scale, as the resonance transfer mechanism is replaced by
a transfer process based on recurring phase slips leading to a gas
of coherent and narrowing solitary pulses and the so-called CMMT
spectra [4]. Even in situations where resonances are important, fi-
nite size effects can play an inhibitory role. Because the spectrum
is discrete, very few of the resonances lie on the wavevector grid.
Even though the resonant band broadens as the wave slope in-
creases, the transfer tends to be intermittent [5,6]. But even in
situations where the dimension d is two or more and the spec-
trum is continuous, the story is far from over. Again, the theory
is incomplete because it almost always fails either at very high or
at very low wavenumbers. It is only when the KZ spectra inherit
the symmetries of the governing unaveraged equations for the field
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variables that the theory is uniformly valid [2]. This, of course, is
the exception. In general, all the markers of wave turbulence, the
dominance of the linear over nonlinear terms, the separation of the
linear and nonlinear time scales essential for the asymptotics, the
proximity of the long time state to one of joint-Gaussian statistics,
all fail at very high or very low wavenumbers. If the failure region
is masked by viscous dissipation, or by the nonuniversal input re-
gion, or some other physical process such as capillary wave action
in the sea, then such processes serve to regularize the breakdown.
But, in many cases, for sufficiently large values of the energy or
wave-action fluxes, the breakdown region is not masked. Then one
is faced with the challenge of constructing a solution for the break-
down region which will coexist with that of the region in which
the KZ solution is valid. It is not at all clear, a priori, that such a
coexistence is possible. After all, the problem is nonlinear and this
means that length scales from both regions are dynamically con-
nected.

There are two notable examples. The first we have discussed
before [7,8] and arises in optical turbulence and in situations in-
volving condensate formation. Because it has lessons useful for
the topic of this Letter, we briefly recount the main points. Here
the wave turbulence description of the inverse cascade of optical
power (equivalent to wave-action or wavenumber density) by four
wave resonant interactions breaks down at very long scales or low
frequencies. Without any regularization (removal of the power by
some dissipative process at long scales), one must deal with ei-
ther (a), in the case of defocussing medium, a fully developed con-
densate along with the dynamical structures (waves with a disper-
sion relation which can transfer energy via three wave resonances,
fully nonlinear vortices) it can support, or (b), in the case of a fo-
cussing medium, an unstable condensate and collapsing filaments.
It is the latter case we describe here. An initial inverse cascade rate
Q 0 leads to the nucleating of collapses (via the modulational insta-
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bility) and, in two space dimensions, each of these carries a fixed
amount of power (N0) back to small scales where dissipation sinks,
such as phonon coupling, are present. The burnout of each collapse
is incomplete and only a fraction f N0, f � 1/5, of the power in
the collapsing filament is actually lost. The remainder is returned
to the wave field as both power and the conserved density (not
easily identified physically) corresponding to the Hamiltonian. The
former increases the inverse cascade of power until it eventually
reaches an amount Q 0/ f . Only then will sufficient collapses be
nucleated to bring the injected power to the dissipative scales and
the system to a statistically stationary state. The time dependent
shape of the coherent structure remains the same but the density
increases to bring about the required dissipation. Current work [9]
seeks to verify by numerical simulation our predictions, including
the distribution of collapse events (Poisson), its parametric depen-
dence on the inverse power flux as it evolves from Q 0 to Q 0/ f
and the fact that the long time behavior of the system can be de-
scribed by two very different coexisting states.

The principal focus of this Letter, however, concerns the break-
down which, for gravity waves, occurs at high wavenumbers and
frequencies. The Kolmogorov–Zakharov (KZ) spectrum correspond-
ing to a constant flux of energy P from low to high wavenumbers
no longer satisfies the premises on which the theory is based at
wavenumbers k1 such that P

2
3 k1

g , g gravity, is of order unity. For
P > P0 = (σ g)

3
4 , the breakdown wavenumber k1 is less than that

wavenumber k0 = (g/σ )
1
2 , σ = S/ρ , S surface tension, at which

capillary effects come into play. The questions then are: What hap-
pens for wavenumbers k1 < k < k0? Is there another spectrum
valid for k > k1, which can coexist with the KZ spectrum? What
equation, what physical balances, does this new spectrum satisfy?
How does the flux of energy P behave for k > k1? Does energy
dissipate? If so, how?

It is our suggestion that the coexisting spectrum is the spec-
trum introduced by Phillips in a pioneering paper [10] in 1958.
This spectrum is associated with the formation of wedge-like
structures, crests of length L with derivative discontinuities in
the surface elevation in a direction perpendicular to the wave
crests. A naive argument would suggest that for such a crest
kη̂k ∼ k−1 where η̂k is the Fourier transform of the surface el-
evation η(�x(x, y), t) and that therefore the average density 〈η̂2

k 〉
should scale as k−4. But Kuznetsov et al. [11] have shown, if one
averages over all angles between the crest and the wave, then, for
kL � 1, one obtains an additional factor of k−1 leading to an en-
ergy density of k−5. At the end of this Letter, we show this extra
factor is offset by averaging over wedge scales. For the present,
however, we choose to introduce and define the Phillips’ spectrum
in a totally different and very general way. The generalized Phillips’
spectrum has several very important and intriguing properties, the
first of which is a nontrivial result and will serve as our definition:
(1) It is the spectrum for which the statistical properties of the
system inherit the symmetries of the original unaveraged equa-
tions. It is not at all obvious a priori that there should be such
a spectrum. (2) It is the only spectrum for which wave turbu-
lence theory is uniformly valid for all wavenumbers k. (3) Most
important, it is the only spectrum which is independent of the
flux P and the breakdown wavenumber k1, but for which the
energy P flowing though k1 each second is entirely absorbed in
the region k > k1. (4) Its entropy production divided by the fre-
quency ω associated with the wavevector �k is constant. The results
are independent of the order of the resonance (three wave, four
wave).

We begin with the equations for field variables written in
Fourier coordinates As

�k where a �k dependent linear combination

of A+
�k and A−

�k is the Fourier transform of a physically measurable
field such as the surface elevation. The equation is
dAs
�k

dt
− isωk As

�k =
+∞∑
r=2

∑
s1...sr

∫
Lss1...sr

kk1...kr
As1

�k1
· · ·

× Asr
�kr

δ(�k1 + · · · + �kr − �k)d�k1 · · ·d�kr . (1)

In regions of wavenumber where only one physical process
dominates, ωk and Lss1...sr

kk1...kr
will be homogeneous functions of �k; i.e.

ω
λ�k = λαωk , Lss1...sr

λkλk1...λkr
= λγr Lss1...sr

kk1...kr
. For gravity (capillary) waves

α = 1
2 , γ2 = 7

4 , γ3 = 3 (α = 3
2 , γ2 = 9

4 , γ3 = 3). The dimension

d of �k is 2. Implied in (1) is a small parameter ε, 0 < ε 
 1, a
dimensionless wave amplitude which for water waves is the root
mean squared wave slope. In what follows, we absorb this param-
eter into the energy flux P .

The first important result [2] is that, in the region of homogene-
ity, the governing equation (1) is invariant under the transforma-

tions �k → �K = λ�k, t → T = λ−αt , As
k(t) → λν Bs

K (T ) if ν = d+ γr−α
r−1 .

One sees this by a direct substitution of the transformation into
(1) using homogeneity properties of the dispersion ω(�k) and the
nonlinear coupling coefficients Lss1...sr

kk1...kr
. The result implies there

exists a relation between the homogeneity indices which indeed
holds; namely, γr−α

r−1 is independent of r. One can check this for
both pure gravity waves where g is the only additional parame-
ter and pure capillary waves where σ is the only parameter. In
both cases, γ3 +α = 2γ2. For gravity waves, ν = 13/4; for capillary
waves, ν = 11/4. We then ask: How does the symmetry carry over
to the statistics of wave turbulence? All the important long time
statistics depend principally on the number density nk defined by
〈As

k A−s
k′ 〉 = nkδ(�k + �k′). First, it satisfies the closed kinetic equation.

Second, all the long time behaviors of the higher order cumulants,
called the asymptotic survivors, which are regenerated by nonlin-
ear interactions, depend only on nk . Third, the frequency renormal-
ization depends only on nk . It is therefore natural to for what value
αx does the spectrum nk = Ck−αx and all the system’s long time
statistics inherit the symmetry of the original equation (1), namely
when 〈As

k A−s
k′ 〉 = δ(�k + �k′)k−αx implies 〈Bs

K B−s
K ′ 〉 = δ( �K + �K ′)K −αx .

This only happens when αx = αxP = d + 2 γr−α
r−1 . We define this

to be the generalized Phillips’ spectrum. The generalized Phillips’
spectrum is the only spectrum for which all the long time statis-
tics of the mean field inherit the symmetries of the original field.

We now turn to the second important property. For sufficiently
small and suitably nondimensionalized constant c, nk = cDk−ax ,
D a dimensional constant, wave turbulence theory is uniformly
valid at all scales only when αx = αxP . Using standard methods
[1,2], the equations for the long time behavior of nk and the fre-
quency renormalization are

dnk

dt
= T2[nk] + T4[nk] + T6[nk] + · · · , (2)

sωk → sωk + Ω s
2[nk] + Ω s

4[nk] + · · · . (3)

For the theory to be valid, Eqs. (2) and (3) and the ratios of lin-
ear to nonlinear timescales tL

tNL
= 1

nkωk

dnk
dt must be uniformly valid

asymptotic expansions and small respectively when considered as
functions of �k on some solution nk of the truncated equations; e.g.
T2[nk] = 0. In (2), T2[nk] contains three wave resonant processes,
T4[nk] contains four wave resonant processes and convolutions
(both resonances and modal interactions) of three wave processes.
For example, for gravity waves T2[nk] ≡ 0 and

T4[nk] = 12π

∫ ∣∣L̂++−−
kk1k2k3

∣∣2
nn1n2n3

(
1

n
+ 1

n1
− 1

n2
− 1

n3

)

× δ(�k + �k1 − �k2 − �k3)δ(ω + ω1 − ω2 − ω3)d�k1 d�k2 d�k3,

(4)
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where ωk = √
gk and where L̂++−−

kk1k2k3
is built from combinations of

L++−−
kk1k2k3

from which quadratic products of combinations of Lss1s2
kk1k2

have been subtracted (see [2, p. 540]). Its degree of homogeneity
is γ3. The effects of forcing and damping, not known exactly, are
often included phenomenologically by adding −γ (k) to (2) where
γ (k) may depend on nk and is positive (negative) in the dissi-
pation (forcing) regions. From solutions of (2), we can calculate
the asymptotic survivors of the higher Fourier space cumulants
(they only depend on nk) and the corresponding physical space
cumulants and moments. In particular, we can check [3] when
the statistics are close to joint Gaussian by looking at the struc-
ture functions SN (�r ) = 〈(η(�x + �r, t) − η(�x, t))N 〉 and estimating ra-

tios such as S̃4 = (S4−3S2
2)

S2
2

as functions of separation r = |�r|. Our

second important result is that, on the spectrum nk ∝ k−αx , the
smallness of tL

tNL
= 1

ωnk

dnk
dt , S̃4 and the uniform validity of asymp-

totic relations (2), (3) namely ratios such as T6[nk]
T4[nk] ,

Ω s
2[nk]
ωk

, are all

measured by Ckγ3+d−α−αx (for the case where three wave reso-
nances are absent; Ck2γ2+d−2α−αx when they dominate) where C
is a calculable dimension dependent constant. These estimates de-
pend on the convergence of integrals appearing in C and must be
checked a posteriori [3]. The convergence of T4[nk] on the spec-
trum nk ∝ k−αx requires αx to lie in a certain window. For gravity
waves, this window is 5

2 < αx < 5 in which both the KZ (αx0 = 4)

and Phillips’ (αxP = 9
2 ) spectra lie. The smallness of S̃4 is mea-

sured by C ′r−γ3−d+α+αx where r = |�r|. These ratios are only k
and r independent on the generalized Phillips’ spectrum. The con-

stant energy flux KZ solutions, nk = C3 P
1
3 k− 2γ3

3 −d for four wave

resonances, nk = C2 P
1
2 k−γ2−d for three wave resonances, are only

uniformly valid when the KZ spectra are the same as the gen-
eralized Phillips’ spectra, namely when γ3 = 3α or γ2 = 2α. For
γ3 > 3α, αxP > αx0 = 2γ3

3 + d, the KZ value, breakdown occurs at
high wavenumbers and the Phillips’ spectrum is steeper than the
KZ spectrum. Inserting the proper dimensional factors, the equiva-

lent expressions for gravity and surface tension waves are C3 P
1
3 k

1
2

g
1
2

and C2 P
1
2 /((σk)

3
4 ) respectively. The KZ solutions break down at

wavenumbers k1 and k2 such that P
1
3 k

γ3
3 −α

1 and P
1
2 kγ2−2α

2 are
order unity. For gravity and capillary waves these wavenumbers

are k1 = g

P
2
3

and k2 = P
2
3

σ respectively. The breakdown region is

k1 < k < k2 if P > P0 = (σ g)
3
4 , which also means that k1 < k0 < k2

where k0 =
√

g
σ . The criterion P > (σ g)

3
4 , since P

1
3 ∝ (ρa/ρ)

1
2 U ,

ρa air density, U windspeed, U > (σ g)
1
4 (ρα/ρ)

1
2 gives a critical

wind speed of about 6 m/s at which the ocean wave breaking
phenomenon, commonly referred to as whitecapping, is generally
observed to occur. This process involves the breaking of the crest
of a wedge-like surface into an emulsion of air and water droplets

and is clearly dissipative. The parameter P
1
3
√

k/g (or P
1
3 (σk)− 1

2

for capillary waves) is also the ratio of the fluid velocity at the sur-
face to phase speed and can be considered a local (in wavenumber)
measure of the wave slope.

To summarize: The KZ solutions, valid for k < k1 and k > k2
are exact solutions of T4[nk] = 0 and T2[nk] = 0 but they are
no longer valid in the range k1 < k < k2 whenever γ3 > 3α and
γ2 < 2α. In other words, the KZ spectrum fails at high wavenum-
bers in the gravity waves range and at low wavenumbers in the
capillary wave range. On the other hand, the generalized Phillips’
spectrum with nk = Ck−(γ3+d−α) for four wave processes and with
nk = Ck−(2γ2+d−2α) for capillary wave processes are uniformly
valid at all scales. But these spectra do not satisfy either T4[nk] = 0
or T2[nk] = 0. The questions are: What equations do the general-
ized Phillips spectra satisfy? To which physical processes are they
connected?

Our answer to this question, for which there is yet no ir-
refutable evidence, has a simple elegance. We assert that the gen-
eralized Phillips’ spectrum obtains as an integral balance between
nonlinear transfer terms and intermittent dissipation. We can rep-
resent the flux of energy Ek = 2πekkd−1, ek = ωknk , in an isotropic
sea as

∂ Ek

∂t
= −∂ p(k)

∂k
− γk, k > k1, (5)

where ∂ p(k)
∂k = 2πkd−1(T4[nk] + higher order terms) is the nonlin-

ear transfer, p(k) is the flux at wavenumber k, and k1(P
1
3 k

γ3
3 −α

1 =
O (1)) the breakdown wavenumber. For the moment, we do not
try to say what γk is. It may not even have a local expression in
k. What we do know, however, is that, in the absence of capillary
wave action, the cumulative effect of the whitecaps events repre-
sented by γk is to absorb all the energy flux passing through k = k1
from the KZ solution. We stipulate therefore that (5) holds in the
integral time averaged sense so that

∞∫
k1

−∂ p

∂k
dk =

∞∫
k1

γk dk = P . (6)

Eq. (6) is

p(k1) = P . (7)

Next we can compute p(k) on a spectrum

nk = C D1k−α�, (8)

where C and D1 are respectively dimensionless and dimensional
constants. If we assume for the moment that in (2) the leading
order term, T4[nk], dominates, (7) becomes

p(k1) = C3 I(x)D2k3α(x0−x)
1 = P (9)

where D2 is dimensional and I(x) is a smooth function of x with a
zero at x = x0 − 1

3 in a band of convergence that includes both the
KZ and Phillips values of x. Now let us demand further that x be
chosen so that the constant c is universal, independent both of the
energy flux P arriving through k = k1 from the KZ spectrum and
the breakdown wavenumber k1 itself. This is entirely reasonable
for why should c change as the flux or windspeed change? There is
only one possible choice of x. Knowing that the relation between P
and k1 is Pkγ3−3α

1 is of order unity, we must have that 3α(x0 −x) =
−γ3 + 3α or αx = γ3 + d − α, the generalized Phillips’ spectrum.
For this spectrum we are on the margin of applicability of wave
turbulence theory. For the three wave case, αx = 2γ2 + d − 2α, the
generalized Phillips’ spectrum in that situation.

Further, from the second property of the generalized Phillips’
spectrum, namely that the ratios T2N [nk]

T4[nk] , N > 2, are independent of
k, we can add the correction to (9) arising from the higher order
terms in (2). We find that the left-hand side of (9) is multiplied
by f (C), where f (0) = 1 and f (C) is a power series in C2. We
have not proved, of course, that f (C) converges but the available
evidence suggests that, for gravity waves where the Phillips’ spec-

trum is nk = C g
1
2 k− 9

2 , C is about 1
5 . This value is obtained from

the expression of Donelan et al. [12] for the KZ spectrum (includ-
ing constants). Assuming continuity between that and the Phillips’
spectrum at values of k where a clear break from the KZ spec-
trum is observed in the experimental data determines C . Note that

the wavenumber at which the KZ (C3 P
1
3 k−4) and Phillips’ spec-

tra (C g
1
2 k− 9

2 ) intersect is again k1. We stress that we define the
Phillips’ spectrum in terms of wavenumber. The naive translation
of this result to frequency space via the linear dispersion relation
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may not necessarily hold for the breakdown structures we describe
below.

This result is much stronger than, but of course consistent with,
the result obtained from pure dimensional analysis. Demanding
that nk only depend on g and k and be independent of P leads
to the gravity wave Phillips’ spectrum. But what we have shown
is that this spectrum is also the unique spectrum which can ab-
sorb the KZ flux P between the breakdown wavenumber k = k1
and k = ∞.

We emphasize the similarities with the situation of optical tur-
bulence. In that context, in order to dissipate the power cascading
to low wavenumbers, the system employed randomly occurring,
fully nonlinear collapses to carry the power from small to large
wavenumbers. The time dependent shape of each carrier is the
same but the average frequency of events increases to absorb
whatever power is fed to the low wavenumbers. We suggest that
the same situation obtains for gravity waves and with the gener-
alized Phillips’ spectrum. Although each event is time dependent,
we argue that on average, the set of such events consist of a distri-
bution of wedge like shapes η(x, y) with a fixed derivative discon-
tinuity across each wave crest, η(x, y) ∼ L

2s e−s|x|e−y2/L2
where L,

the length scale along the crest, is larger than the largest length
scale (which we associate with λ1, the breakdown wavelength)
across the crest. The resulting power spectrum 〈η̂2

k 〉 is proportional

to (s2 + k2 cos2 ϕ)−2 exp(− k2 L2 sin2 ϕ
2 ) where k is the wavenumber

modulus and ϕ is the angle the wavenumber �k makes with crest
normal. Integrating (averaging) over ϕ (assuming uniform distribu-
tion) introduces an additional k in the denominator so that 〈η̂2

k 〉 ∼
k−5. This is Kuznetsov’s argument. But we will first integrate over
a spectrum of uniformly distributed scales s > k1 from which

calculation we obtain L
k3

∫ π
2

0
dϕ

cos3 ϕ
e

−k2 L2 sin2 ϕ
2 ( π

4 − 1
2 tan−1 k1

k cosϕ −
1
2

kk1 cosϕ

k2
1+k2 cos2 ϕ

) (we have written
∫ 2π

0 = 4
∫ π

2
0 ). For kL � 1, the prin-

cipal contribution comes from near ϕ � 0. Near ϕ = π
2 , the third

order zero of cos3 ϕ is cancelled by the terms in angular brackets.
We obtain that, for kL � 1, 〈η̂2

k 〉 ∼ 1
k4 which is the Phillips’ spec-

trum. Of course, there are many unknowns which are yet far from
understood, the nature of the evolving breaker, the typical crest
length, the way (perhaps analogous to the Rayleigh–Taylor instabil-
ity) in which the dynamics close to the wedge breaks the surface,
the amount of dissipation per event. But what we can say is that
this simplified calculation yields a result which is compatible with
the integral power balance reflected in (9).
There are two other intriguing properties enjoyed by the
Phillips’ spectrum. First, for both gravity and capillary waves, the

quantity 〈η̂2
k 〉 ∼ 1

k4 (for capillary waves, nk ∝ k− 5
2 , ek = σk2〈η̂2

k 〉 =
ωknk ∝ k−2). Moreover, one can show that if one had an additional
process associated with the potential energy ks〈η̂2

k 〉 (for capillary
waves, s = 2), one obtains again that 〈η̂2

k 〉 ∼ 1
k4 . Second, one can

associate an entropy production S ·
k = 1

nk

dnk
dt with wave turbulence.

For Phillips,
S ·

k
ω is constant. This is consistent with property 2,

where we showed that the ratio of linear to nonlinear scales tL
tNL

is independent of k on the generalized Phillips’ spectrum. But
tL

tNL
= 1

ω S ·
k .

We next ask what happens to the argument given in (9) if cap-
illary waves are present. Since p(k) will increase on the Phillips’
spectrum (αxP < αxK Z for capillary waves), a physically impossi-
ble situation (where would the additional energy come from?), the
Phillips’ spectrum must end once three wave capillary processes
begin. We therefore conjecture that the Phillips’ spectrum window
will end at k0 at the point where the flux P has been reduced
to that amount P0 which the capillary wave flux can accommo-
date. It must be remembered, however, that near k0, the simple
expressions for p(k) obtained when only one physical process was
operative, no longer apply.
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