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1. Introduction

In many physical situations, the oscillations of the free surface of a fluid is are a random process in space and
time. This is equally correct for ripples in a tea cup as well as for large ocean waves. In both cases the situation
must be described by the averaged equations imposed on a certain set of correlation functions. The derivation
of such equations is not a simple problem even on a “physical” level of rigor. It is especially important to
determine correctly the conditions of applicability for a given statistical description. For some physical reasons
they might happen to be narrow. In this article we discuss the statistical description of potential surface waves
on the surface of an ideal fluid of finite depth. We will show that this problem becomes nontrivial in the limit
of long waves, i.e. in the case of “shallow water”.

The most common tool for the statistical description of nonlinear waves is a kinetic equation for squared wave
amplitudes. We will call it the “wave kinetic equation”. Sometimes it is called “Boltzmann’s equation”. This is
not exactly accurate. In fact, a wave kinetic equation and Boltzmann’s equation are the opposite limiting cases of
a more general kinetic equation for particles obeying Bose-Einstein statistics like photons in stellar atmospheres
or phonons in liquid helium. It was derived by Peierls in 1929 and can be found now in any textbook on the
physics of condensed matter. Both Boltzmann’s equation and the wave kinetic equation can be simply derived
from the quantum kinetic equation. In spite of this fact, the wave kinetic equation was derived independently
and almost simultaneously by Patric, Petchek and others (see Kadomtsev, 1965) in plasma physics and by K.
Hasselmann (1962) for surface waves on deep water. It was done in the early sixties. Recall that Boltzmann
derived his equation in the last century. Some authors call this equation after Hasselmann. We will use a more
general term — “kinetic wave equation”.

The pioneers starting from Boltzmann did not care about rigorously justifying the kinetic equation and finding
the exact limits of its applicability. This work was done later. Boltzmann’s equation was derived in a systematic
and self-consisted way by Bogoliubov in 1949. The quantum kinetic equation was studied systematically by the
use of diagram technique in fifties.

The wave kinetic equation can be derived and justified in a similar way. It is a lengthy procedure, thus in
this short article we will give the final results of the diagram procedure - the kinetic equation and the limits of
its validity. We will see that in the case of shallow water the limits are very restrictive.

2. Hamiltonian formalism

We will study weakly-nonlinear waves on the surface of an ideal fluid in an infinite basin of constant depth
h. The vertical coordinate is
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—h < z < n(F), 7= (z,y). (2.1)
The fluid is incompressible,
divV =0 (2.2)
and the velocity V is a potential field,
V=vVe, (2.3)

where the potential ® satisfies the Laplace equation
A® =0 (2.4)
under the boundary conditions
Olsmy = UF 1Y),  Bifsmn =0, (2.5)

Let us assume that the total energy of the fluid, H = T + U, has the following expressions for kinetic and
potential energies:

1 K 2
T o= 5/dr/_h(W) dz, (2.6)
U = %g/nzdr +a/(\/1+(V77)2—1)dr. (2.7)

Here g is the acceleration of gravity, and o is the surface tension coefficient.

The Dirichlet-Neumann boundary problem (2.4)—(2.5) is uniquely solvable, thus the flow is defined by fixing
n and ¥. This pair of variables is canonical, so the equation of motion for n and ¥ takes the form (Zakharov,
1968):

oy _6H 8v _ 8H

=5 T e 28)
Taking their Fourier transform yields
o 6H ¥ (k) 6H
ot~ 5\P(E)* ’ a _JU(E)* ) (2.9)
Here ¥(k) is the Fourier transform of ¥(7):
() = % / W(F)e—FTdr (2.10)

The Hamilfonian H can be expanded in Taylor series in powers of #:

H=Ho+H +Hy +--- (2.11)
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Omitting the procedure of calculating H; we present the final expressions for the first three terms in this
expansion:

Hy = % /{Akl‘I’k|2 + Bilni|*}dk,  Ax =k tanh(kh), By =g+ ok (2.12)
H, = ﬂ;}—) / L (Ry, o) Wi, Wiy 18Ry + By + Fs) b dby s, (2.13)
H = 2(21”)2 / LO (Ky, Ky, B, Fa) Ony Uaynig Moy S(R1 + Ko + Ks + ka) dky dky dks dky

-g—(‘% / (FyFea) (BsE) ks Mk ks Mia 0(F1 + Kz + Ka + K4) dky dky dks ds . (2.14)

The formulas for L) and L(®) were found in 1970 by Zakharov and Kharitonov (see also Craig and Sulem 1992,
Zakharov 1998). Here are their expressions:

LW(Ey, kp) = —(k1k2) — |k1||kz| tanh ki h tanh koh, (2.15)

- 1
L®(ky, ky, k3, ks) = 1 k1llks| tanh ki tanh ksh

L[ Akl 2kl
tanhkih  tanhksh
+ |Ez + E3| tanh IEQ + E3|h + |E1 + E4| tanh |El + E4|h -+ |I_€;2 + E4| tanh |E2 + E4|h}
Qk% 2k%

1
= I A A, {——:4—1- - E + Ar143 + Aoys + Arya + A2+4} (2.16)

+ |E1 + Eg' tanh ‘El + E3|h

One can introduce the normal variables ax, a;. They can be expressed as follows:

U, = % <§—:)1/4 (ax —aZy)
v = G ()
The transformation ¥y ,nr — ay is canonical. One can check that
X i g.f; ~0, (218)

where the Hamiltonian H can be represented as the sum of two terms
H=Hy+ Hint- (219)

For the first term we have

Hy = /wk ay, ay, dk, (2.20)
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where wy, > 0 is defined by the formula

wy = /ArBy, = /k tanh (kh) (g + o k2). (2.21)

The second term, H,,;, is represented by the infinite series

1 = = - -
Hint = W Z / V(nﬂn)(kl) ey knv kn+1, ey kn+m)azl T azn a’kn-}-l e akn+m
n+m>3
X8(ky + -+ By — kg1 — - — Enym) dk1 ... dknym (2.22)
In the case under consideration we have
vim(p,Q) = vmn(Q, P), (2.23)
where P = (El, . kp) and Q = (l_c'n_H, .. ,En+m) are multi-indices.
For more general Hamiltonian systems (in the presence of wind, for instance), the coefficients Vmi(P Q)
are complex, and
ym(p,Q) = Vmn)(Q, P). (2.24)

The condition (2.24) guarantees that the Hamiltonian H;p; is real.
For surface waves the coefficients can be written as

L. 1 Ay, By, B, \V* S
Vi RR) = { (BI;: A, A,:) LR -
By A, Bi, | ~ - (ByBy, A\ o
(et oncin - () i) e
1 2 1 2
- o 1 Ay B, By 1/ 77
V(O,S) k‘,k‘ , — ( 1 2) L(l) k 7k +
(ks k1, k) 47\/2 By Ak Ak, (1, k)
A.. B 1/4 oo B. B A 1/4 o -
() ene () ey e
1 2 1 2

In this paper we will use only one coefficient of fourth order V2)(P,Q). After a simple calculation we can
obtain the following expression for this coefficient:

b e o o 1 (- e = e mpoy = s o m oy = o o
VD (R ka ks, ka) = —5— {L<2>(—k1,—k2,k3,k4)+L<2>(k3,k4,—k1,—kz)—L”’(—khkzrkz,kn
L (=Fy, Ky, —Fo, k) — L® (~ky, k3, —F1, k) — L (~ks, ka, — ka1, EB)} (2.27)

0.2

1672

Ay, Ap, Ap, Ak4)1/4

[ B o ) + B, o) B o) + G B o)} (3
1 2 3 4

where

By, Br, Ak, Ak

1/4
Zky Thy ks ke LO (K, Ky, k3, Kg). 2.28
Ar. Ar. B, Bk4) (k1,ka, k3, ka) (2.28)

I |
L(2)(k1,k27k3)k4):z (
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We will not discuss the five-wave processes systematically. This makes it possible to use the following
approximation for the Hamiltonian:

— -

H = /wk|ak|2dk + %/V(”)(E, k1, ko) (ax af, af, + af ar, ag,) 8(k — ky — ko) dk dky dks +

1 - = - - - —
1 / VO, By, Ro)(ar an, ay +alal, al,) 58 + Fy + k) dk dky dky +
+% / VDK, ky, by, k3) af af, ak, ar, 8(k + Ky — k2 — K3) dk dky dk; dks (2.29)

3. Canonical Transformation

- In this chapter we will study only gravity waves and put ¢ = 0, so that

wy = +/gk tanh(kh) . (3.1)
The dispersion relation (3.1) is of the “non-decay type” and the equations
Wk = Wk, + Wi, ’; = E1 + Ez (32)

have no real solution. This means that in the limit of small nonlinearity, the cubic terms in the Hamiltonian
(2.11) can be excluded by a proper canonical transformation. The transformation

a(k,t) — b(k,t) (3.3)
must transform equation (2.18) into the same equation:

Oby .0H _
_8_t + ’l%i =0. (34)

This requirement imposes the following conditions on Poisson’s brackets between aj and by:

_ 6ak 5ak: (Sak 5ak’ "o__
{ak,akl} = /{6bkli 6[)2,; - 66*” (5bk,, dk = 0 (35)

o bay da},  bay dal
{ak,ap} = / {kan oby,  6b}., by

(sb (5b " 5b (Sb 1
{br, b} = /{ kTR h Tk }dk”:() (3.7)

dk" = 8(k — k') (3.6)

dapn bay,  daj, dap

8by Ob;,  Oby ObL.
b b*l = k -
{ ks k} /{JGk” (sa;;, (5042/1 6ak/

The canonical transformation excluding cubic terms is given by the infinite series:

ay = ag)) + ag) + af) +- (3.9)
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a;co) = bk
O / T(E, By, k2) b, be, 0(F — Ky — ) dky dky — 2 / T (ky, , k1) b, b, 6(K + K — Kz) dky ks
+ / T, k1, k) by, b7, 6k + ky + E2) dky d
) = / Bk, ky, k2, B3) 0, be, sy Ok + Ry — Ky — Fs) by dhy g + - (3.10)

Plugging (3.9) into (3.5)—(3.8), we obtain infinite series in powers of b, b*, which must identically cancel out at
all orders except zero.
_Let us assume that

TOV(E, ky, k) = T3 (g, k, By) = T (ky, &, ky). (3.11)

This condition guarantees that (3.11), (3.5)-(3.8) are satisfied at first order in b, b*. Substituting (3.9) into H
we observe that the cubic terms cancel out:
1 V(K ki, k)

rOk kb)) = —5 P (3.12)
1 2

1 VO k)
2 (wk + Wk, + wkz)

r® (K, ky, ko) (3.13)

A simple method for the recurrent calculation of B(E, k1, ko, E3) and higher terms in the expansion (3.9) was
found by the author in the article (Zakharov, 1998). By the use of this method one can find

B(k,ky, Ky, ks) = TO(Ey, by, by — k) TO (ks K, ks — B) + TV (ky, ks, By — ks) TV (ki K, by — k) (3.14)
_F(l)(E, EZ) E - E2) I‘(l)(E:’!v Ely E3 - El) - F(l)(lzl,k‘iia ’;1 - E3) F(l)(E27 ];;17 EZ - El)
T (& + k1, £, /.51) F(l)(gz + kg, ko, k3) + DO (= — Ky, b, k1) T® (—kp — E3, k2, k3)
The series (3.10) should be at least asymptotic. Hence we require
lalV| < | (3.15)

Let us consider the limit of shallow water as kh — 0. We will assume also that the wave packet is narrow in
angle: k, < k;. In this limit

wr ~+ s|k| (1 - %(k:h)2 + - ) , 8= \/ﬁ, (3.16)

and

3

Ly, keg) = —kiks, Ar ~hlk|®, Be~g, VUK k&, k)~
(K1, k2) 1ko k (k| e~ g (k, k1, k2) y—y

(kk1k2)1/2 (%)1/4 .

Denoting k, = g, k; = p and |p| > |q|, one obtains:

1¢8 1., 4 1,2) 3 g\/4 1/2
~ I S i) ~ Z . 3.17
w(p,g) = s (p 27 3 h“p® ), 42 (h) (pp1p2) ( )
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We will study two opposite cases - wave packets narrow in angle and broad in angle. In both cases we will look
only for the leading order terms in 1/kh. For a packet which is very narrow in angle:

a@(p,q) =~ b(p)a), aV(p,q) = (p)d(e)
) = L (9)7 L { /OP b )b =) /0°° b (p)b(p + p1) dp}+__, (318)

I

2

81v/2 sh? o1 (p — p1)) /2 ppi(p+p) 72

The condition (3.15) now reads now

bl gy 1
o7 () e < (319)

Let a be a characteristic elevation of the free surface, p = (ka)?, § = kh. The condition (3.19) is equivalent to

1/2
p< s, or N=’—%3—<<1. (3.20)
N is known as “Stokes number”.
For wave packets which are broad in angle the condition (3.15) is less restrictive. In this case the denominator
of I‘(l)(E, El,ﬁz) is small if all three vectors E, El,ﬁz are parallel. Let us put k= (p,q), Ky = (p1,q1), Ey =
(p2, —g2). Then T'M)(p, p;, pa, g) has a sharp maximum at ¢ = 0. Performing integration over q yields

3 /g\!/4 1 P
D0y = = (977 2 __ / 1/2 (5 _ p \1/2 _
(p,0) 55 ( h) o) ) P (p— 1)/ b(p1,0) b(p — p1,0)dp,

+ 2/000191/2 (p+p1)"/2 6" (p1,0) b(p+p1,0)dp1} o (3.21)
The condition
b (p,0)] < o (p, 0)| (3.22)
now reads
p< 8 (3.23)

4. Effective Hamiltonian

After performing the canonical transformation the cubic terms in the Hamiltonian cancel out. In new variables
br we have

H=Hy+Hy+Hz+---, (4.1)

Hy = /wk bk | dk , (4.2)
1 - - - - - - — —

H, = 1 /T(k, k1, ko, k3) by by, be, brg 6(k + k1 ~ ky — k) dk dky dk, dks , (4.3)

H3=...
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where
—- — — — 1 ~ > - =3 — ~ =+ - - - ~ - - - - ~ - - - -
T(k, 15 K2, 3) = Z (T(k, k‘l,kQ,kg) +T(k1,k‘, kQ,k3) +T(k2,k‘3,k,k1) +T(k3,k2,k,k1))
T(k ki, ko ks) = V@D (& ki, ks, ks) + RO (K, ky, kz, ks) + R (K, ky, ka, ka) (4.4)
and
e . VO3 (—k — Ky, K k) VO3 (—Fy — ks, ko, k3)
R(l) k,k , , - _ ) 1 2 3y 2, N3 ‘
(ks b, Kz, ka) =k — ) + () + (ks ’ (45)
(L2)(F o T
RO Ry = - LB BB R VOO 4 o)
wk+k1 - Wg _wkl
ARSI ko b — k) VO (ks ks — k1, ki) VD (F, ks, k — ks) VD) (ko by — Ky, k)
Wk—ky — Wk + Wk, Wk—ky — Wk + Wiy
VD (ky, k, By — k) VO (ky, ky = s ky) VD (s, ks — k) V2 (ky, By — ki, ) (4.6)
Why—k + Wk — Wky Why—k + Wg — Wy )

In the presence of capillarity, the expression (4.6) makes sense everywhere except in the vicinity of the zeros of
the denominators. The width of these vicinities depends on the level of nonlinearity.
“The equation of motion (3.4) in new variables takes the form

Oby . i I S o e e
—a—tk‘ + 1w bk = ——-2-/T(k,k1, 2, 3) bk1 bk2 bk3 (5(k+k1 -—k‘z -kg) dkil dk2 dk3 (47)
The term T'(k, k1, k2, k3) is defined on the resonance manifold

—

Wk + Wry = Wky + Wk, E+k1: _;+k_:;. (4.8)

Further we will omit the wave numbers k¥ and keep only their labels. After a series of transformations the
four-wave interaction coefficient 7' can be simplified into the form

1 . .
Tio3e = -2—(T1234 + To134),
T (A A A
T1234 - 167('2 (B1B2B334)

X [k% By + k% By + k% B3 + k‘z B4y — (w1 - w3)2 Ai_3— (w1 - w4)2 A4 — (wl + UJ2)2 A1+2]

1 (BiB»B3Bs\* 1 [ U2 U3 4 ]
_ X L L + ¥ y
].671'2 (A1A2A3A4) B]+2 12534 wf+2 —_ (wl + w2)2

1 U_1,3%_24 1 U_1,4U_23
L_is3L_ . : + L_14L_ ! : 4.9
"B [ be Boza wi_g— (w1 — w3)2] Bi_4 [ Lafo2s T wi_g — (w1 - w4)2] }( )

Here

Ay = ktanh kb, Bp=g+ok®, Lio=—(k k) — A1ds, wr=+/AxBs. (4.10)
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The expression for u; 5 is

T B2 Biyo

U2 = (kl kz) [wl (1 + B1 ) +CU2(1 + B2 )

By By A1 Ag\1/2
+ ;;; wy K} + BJ; w1 k3 + (Ble) (w1 wy = Wi o) (wr +ws)
O Bl_g Bl—3
U_ = —(ky-k3) w1+ —w3 1+
1.3 ( ! 3) [ 1( B]_ ) 3 ( Bg )

By_3

Aa\1/2
Ay 3) (4.11)

By _3
wg k12 + ——w1k§ + (W —ws)(wyws + w%—s) (E—B—g

B3 B

The above expression is the most general form of four-wave interaction coefficient and is applicable for gravity
as well as for capillary waves on an arbitrary depth. It can be simplified in different limiting cases.
In the absence of capillarity o =0, By, = ¢g and

- o 1
uy2 = (wl + Q)2){2(k1 . k‘z) + §w1(‘)2(w% + w% - w%ﬂ)}
I |
u_13 = (w1 — ws){ —2(ky - ks) + §w1w3<wf-3 —wi + w?z,)} (4.12)

5. Deep water limit

The coeflicient of four-wave interaction for pure gravity waves on deep water was calculated by many authors
since Hasselmann (1962). We present here a relatively compact expression for this coefficient.

T 1 1
28T 71602 (kykaksks) /4

—2(w1+w2)2[w3w4((1€1.E2)—k1k2)+w1w2(k3 k) — k3k4)

{ — 12k  koksks —

])—‘QM,D—‘QN'H

—2(w; — ws)? [w2w4 ((El : Es) + klkz) + wiws (( 2 4 + k2k4>]
—-2(w1 — w4)2 [w2w3((E1 . ]—4;4) + k1k4) + w1w4( kg k3 + kag)]
g?
+[(ky - k2) + kaka][(ks - ka) + Kska] + [~ (k1 - Bs) + kuks][—~ (K2 - ka) + Kaka)
[ (K - kg) + kika)[— (k2 - Bs) + kaks)]
(k1 - k2) - kyka[— (2 - k42) + okl Hn — ws)? [(Ey - k3)2+ Ky ks)[(k; - k4)2+ kaka)
Wiye — (w1 + w2) wi_g — (w1 —ws)

o (K1 - Ka) + kikal[(Rs - Fs) + koks) }

+4(wy + wa)?

+ 4(wy — ws) (5.1)

wi_y — (w1 —wy)?

Here w; = /¢ |kil.

In spite of its complexity the expression (5.1) has an inner symmetry and beauty. It was mentioned that in
the one dimensional case the coeflicient T1234 cancels out (Dyachenko and Zakharov, 1994). This result was
obtained earlier by computer. We will obtain it below “by hand”. Another compact expression for T 934 was
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found by Webb (1978). Both expressions coincide on the resonant surface (5.2), but a proof of cancellation of
T1934 in a one dimensional geometry is more difficult with the Webb formula.
In the one-dimensional case the resonant conditions

w2 +w2 = W3+ ws
ki+ke = ky+ky (5.2)

have trivial solutions k3 = k1, ks = k, k3 = k2, k4 = k; describing wave scattering without momentum exchange,
and nontrivial solutions providing the momentum exchange. For these solutions the sign of one of the wave
vectors is opposite to others. For instance, we can put

k1 >0, ko <0, k3 >0, kg > 0.

In the one-dimensional case most of the terms in (5.1) cancel out, and the expression is simplified down to
the form

1 .
Tiogs = —S—WEwl (w1w2w3w4)1/2{ — Bwowsawy + wa(wy + w2)? — wa(wy — ws)? — walw — w4)2} (5.3)

The resonant conditions (5.2) can be solved by the parametrization

wi = AL+ E+E2), wa = AE, wy = A(1+§), wg = AE(1 +§)
ki = A2(1+ €+ )2, ko = —AE, by = A(1+ &), ka = A28 (1 +£)° (5.4)

By plugging the parametrization (5.4) into (5.3) we get

Ti234 = ~Z71?w1(w1w2w3w4)2 A1 +¢) ("35(1 +O+(1+6P-1- 53) =0 (5.5)

6. Shallow water limit

The shallow water limit takes place if kA — 0. In this limit

A, = K°h wp o sk, s2=gh, Liz— —(ki-ks), wig— sk +ka)(k k),
u_y3 — —s(ky — ks)(ky - k3). (6.1)

The coeflicient (4.9) can be simplified into the form

1 1
1672k (ki koksks)/?

(Ry - o) (Rs - Ka)(kn — k2)®  (ky - Kg)(Ra - Ba) (B — ks)®  (Fa - Ka)(Ro - Fg) (ks — ba)?
_ 6.2)

— - = -

{(1& ko) (Ks - kg) + (B - k3) (R - ks) + (Ey - ka) (K2 - k3)

T1234

+2

—

(k1 - k) —~ krky (ky - k3) — krks (ki - Eg) — koks

The three terms in (6.2) are singular if the vectors k; are parallel. But there is a remarkable fact: these singu-
larities cancel and the whole expression (6.2) is a regular continuous function. The cancellation of singularities
is a quite nontrivial circumstance. It could be checked by a straightforward calculation.

The singular part of T1234 can be written as follows:

(6.3)

N 1 koksks (ky + k)2 (ky — k3)? (ky — kq)? }
Ti34 = —

An2 h (k1koksks) /2 | ka(cosdg — 1) ks(cosds — 1) kg(cos g — 1)
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Here cos ¢i = (El . Ei)/klk},;.
The resonant conditions are:

ki+ky = kz+ ks,
ki +kacosgdy = kscosds + kg cos gy,
kosings = k3 sin ¢3 + k4 sin ¢4. (64)
For small angles |¢;| <« 1, we can put approximately
$?
cos¢; — 1 ——5—, sin @; ~ ¢;.

The resonant conditions now become now
kats = ksl + kad, kods = kads + kadha (6.5)

The most singular part of Ti234 is

- 1 (ksksks)'/? ki + ko) (ky— k) (k1 — ka)?
Tying ~ — == (ks 31/«;) _(k t 22) (ky 33) +( 1 24) (6.6)
2n2h kl k2¢2 k3¢3 k4¢4
But one can check by a direct calculation that
ky + ko)? ki —k3)? (k1 — kq)?
(k1 22) _(k 23)_(1 24) —0 6.7)
k2¢2 k3¢3 k4¢4
in virtue of (6.5). Hence the singularities cancel and (6.2) is a regular function.
We can calculate T1934 more accurately by putting
~ _ ]_ 1 - - -~ - - - — — - —
Ti23a = — 1672k (rkakaka) /2 (krke)(ksks) + (kiks)(keks) + (k1ka)(koks)
o | (kiKa) (Raka) (r + k2)? (i) (kzka) (b — ks)? (k) (Rka) (ks — ka)?
+4s 2 T T o2 2 T 2 2 (6.8)
Wiy — (W1 +w2) wi_3 ~ (w1 — ws) wi_g — (w1 — wa)
Here we put
— 1 2
qm_wo—gwm) (6.9)

Now denominators in (6.8) cannot reach zero, but for almost parallel k; they are of order (kh)? and small if
kh — 0. As a result, some terms in (6.8) are large, of order 1/h3, but in fact they cancel each other. The major
terms in {6.8) are

L1 (Rkska)? (ki + k2 (li—ks)® (ki k)’ ~ 0(6.10)
sing = 5 op ki/z k2[¢% + h2(k1 + k2)2] ks[qb% + hz(kl - k3)2] k4[¢z + h2(k1 - k4)2] - .

The expression (6.10) is identically zero in virtue of (6.5). As h — 0 (6.10) goes to (6.7).
Cancellations (6.7), (6.10) have a very deep hidden reason - they are consequencies of the integrability of the
KP-2 equations (see Zakharov 1998).
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7. Statistical description

The statistical description of nonlinear wave fields is realized by the correlation function

-

< a;;l .o .aznakn+l . 'a’kn+m >= Jn’m(E]_ . ..En,En+1 . kn+m)6(El 4+ -4 ]Zn — En—{»l e — En+m) (71)

The presence of d-functions in (7.1) is a result of spatial uniformity of the wave field.
In the same way we can introduce correlation functions for the transformed variables by:

- -

<O b b D >= ]n,m(ig'l ...;‘c‘m]’c'nﬂ "'kn-{—m)é(]gl bk, — Bpq - — ;;’n+m) (7.2)

To find the connection between J™™ and I™™ one has to substitute (3.9) into (7.1) and perform the averaging.
The following pair of correlation functions is the most important:

<agap > = mpdk—k)
<bibl > = Npd(k— k) (7.3)

Here n; and N; are different functions. ng is a measurable quantity, connected directly with observable
correlation functions. For instance, from (2.17) we get

(e +n-x) (7.4)

DN =
oI &

172
1(A
I =< |m|? >= 3 (B_2> (ng +n_g) =

The function Nj cannot be measured directly. It is an important auxiliary tool used in analytical constructions.
In most articles on physical oceanography the authors make no difference between ng and IV;. This is a source
of persistent and systematic mistakes. We will see that the difference between ny and Ny, is especially important
on shallow water.

Plugging (3.9) into (7.3) we get:

e = N+ < a® " > + <a®al) > + <V’ > + <al¥al" > + <oV P > 4. (7.5)

Terms < a;ﬁo) agcl)* >, < aio)* aﬁcl) > are expressed through triple correlation functions < b*bb > and < bbb >. As
far as the cubic terms in the effective Hamiltonian are cancelled, triple correlation is defined by the fifth-order
correlation functions and is small and can be neglected. In fact, I(12) ~ nS.

The next terms in (7.5) are expressed through quartic correlation. Only one quartic correlation function is
really important

-

< b bE, biy by >= T®D (K, k1, By, k3) 8(k + k1 — Ea — ks) (7.6)

We study only weakly nonlinear waves and can assume that the stochastic process of surface oscillations is close
to Gaussian. ‘Thus we can put approximately

—

T2D(E By, Fa, ka) = NiNy, 5(F — k3) + NiNiy 6(F — k2) (7.7)
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By the use of (7.7) we obtain the following expression:

- -

ng = Np+2 / |F(1)(E, E1,E2)|2 Nk1 Nk2 (5(k -k - Eg)dkldkz
+2 / IT@ (ky, K, E1)|> Niy Ny, 6(k + Fy — ka) dkidka +
+2 / DO By, By Fo) P Ney Nig 68 — By + Fa) dkadkes +

-

+2/|[‘(2 By, B2)|? Ni, Ny, 8(k + ki + ka) dkydks —4Nk/3(i5, ki, k k) Ny, dky  (7.8)

Using the expression (3.14) for B and formulae (3.12), (3.13) we get the final result:

VO2(k ky, k Lo
n = Ng+ 5/ lwk _u()k —lw;j); (Ng, Niy — Np Ny, — NiNiy ) 0(k — k1 — k2) dkidks +
1 2

VO (K by, k s o
L L / V2, Ky, o) (Ne.Ne, + NeNi, — NiNi,) 8(Fy —  — Kp) dhydhy +
2 ) (wpy —wi — wkz)

VD (g, &, k)|

(wry — Wi — Wiy )2

+1/ VO E, Er, k)|
2 ) (wp + wp, +wiy)?

(Ni,Ni, + Ni Ny, — NpNi,) 6(ky — k — ky) dkydks +

(Ng, Nk, + NeNi, + NiNi,) 8(E + ky + k2) dky dk, (7.9)

On deep water all the terms in (7.9) are of the same order, and the difference between ny and Ny is small:

nk—Nk

~u (7.10)

Nk

However, in shallow water, denominators in (7.9) are small, and this difference can be dangerously big. The
integration in (7.9) for a wave distribution which is broad in angle in the perpendicular direction can be
performed explicitly. The last, nonresonant, term in (7.9) must be neglected. It is suitable to present the result
in polar coordinates in the k-plane. The final formula is astonishingly simple:

k [
n(k, 6) = N(k,0) + 692 (h /Zh—ilz {/ N(k1,0) N(k — ky, 8)dks +2/ N(ky,0) N(k + b, 6)dks | (7.11)
0 0

Comparing the leading term with the next terms in (7.11) we obtain

nk-Nk

0 5~ (kh) (7.12)

Then the condition of applicability for a weakly-nonlinear statistical theory of waves on shallow water becomes

p 8 (7.13)
For a very shallow water, kh ~ 0.1, this condition can practically never be satisfied. But for a moderately
shallow water, kh ~ 0.3, it could be satisfied for small amplitude waves, u =~ 10~%. In many real situations the

corrections in (7.11) are important and cannot be neglected. Generally speaking, the weakly-nonlinear theory
has narrow frames of applicability in shallow water.
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8. Kinetic equation

The function ny is usually named “wave action distribution”. There is no standard name for the function
Ny so far. We will call it “renormalized wave action”. It is very important that the kinetic equation is imposed,
not on the wave action ng but on the renormalized wave action Nj.

To derive this equation we can begin from the equation (4.7). It imposes an infinite sct of relations on
correlation functions. The statistical description means a loss of time reversibility and needs an introduction of
negligibly small damping. It can be done by replacing in (4.7)

W — W + 1Y

Directly from (4.7) we obtain

N - = = - —- - = o - - - -
a-at—k + 27 Ne = /T(k,khkz,ka) Im I(k, k1, k2, k3) 6(k + k1 — k2 — k3)dkidkadk; (8.1)

We will shorten the notation further.

0 ) 1
— I23a + (1A +T) I1g34 = -3 / {T1567 O145—6—7 l267345 +

ot
+T2567 0245—6—7 167345 — T3s67 T125467 03+5—6—7 — Tuse7 T125367 54+5—6—7}dk5dk6d7€7 (8.2)
Here
A=A =—w1 —ws +ws+wy
F=y+7+r+n (8.3)

To make a closure in the system we perform the canonical expansion of the correlation function
I1234 = N1Na(813 + 014) + L1234 (8.4)
into

D234 = N1NoN3(014025 + 014026 + 015024 + 015026 + 016024 + G16025) +
+Ny((T2356014 + T1356024 + T1256034) +
+Ns(Iz346015 + T1346005 + T1246035) +

+No(Io3a5016 + T1345026 + T1245036) + T123456 (8.5)

The formulae (8.1)—(8.4) are exact. There 1234 and ;23456 are the cumulants, irreducible parts of the correlators.
Substituting (8.5) into (8.3) and using (8.1) we obtain

%i1234 + (ZA + T)j1234 = T1234(N2N3N4 + Ny N3Ny — NNy N; — N1N2N4) + fJI + @ (86)

Here @ is the right part of the equation (8.2) where the six-point correlator is replaced by a corresponding
cumulant, for instance, Issg347 — I256347-

A=—0—G +uws+dy, (8.7)
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where (k) is a renormalized dispersion relation
(k) = w(k) + / TG, F)Ney dby,  T(E Fu) = T(F Fu, B, Fr) (8.8)

LI is a linear operator:

(LD)1234 Mi2g4 + Mai3s — Masia — Mazio (8.9)
Migzs = —% N /Tmss Ise34 6(1 + 2 — 5 — 6) dksdks (8.10)

Il

—iNy / Tisae Togas 6(1 + 5 — 4 ~ 6) dksdkg — N, / Tisss Ia63s 6(1 + 5 — 3 ~ 6)dksdke

The system (8.1),(8.6) becomes closed by putting T123456 = 0. It is still very complicated. For further simplifi-
cation one has to neglect LI. Sending I" — 0, we finally get

1, f1234 = 7rT1234(N2N3N4 + N1 N3Ny ~ N1N2N3 — N1N2N4) (5(5) (8.11)
Substituting (8.9) into (8.1) leads to the final result,

Q—g';—k + 29 Ni = st(N,N,N)

St(.N, N, N) =7 / |T1234|2 (N2N3N4 + N1N3Ny — N{NoN3 — N1N2N4) X
><81+2_3_4 (5(051 + 052 - 053 - 054) dk2dk3dk4 (812)

Due to the inclusion of the frequency normalization, the equation (8.12) is more exact than the “common” wave
kinetic equation.

To get the quantum kinetic equation we can use the same procedure, assuming that ay, a}i’ are noncommu-
tative operators of annihilation and creation of quasiparticles.

9. Renormalized dispersion relation

Frequency renormalization is described by the diagonal part of the four-wave interaction coefficient
T(ks, ko) = T(kx, ko, ki, ) = Tio (9.1)
This “naive” formula presumes the existence of the limit:

T(El,Ez) = lim T(El,E‘z,El + q, Ez«— (T) (92)
|g]—0

This limit exists and does not depend on the direction of the vector ¢ only in deep water. In the general case,
we can obtain from (4.9)

1/2
1 A A
T, = ( ! 2) [2]6%31 +2k2B; — (wy + wq)® Aypg — (w1 — wa)? AI—Z] (9.3)

B 1677'2 B1B2
1/2
1 BB, 1 12 4 u, . 1 2o+ u? ),
3272 A1 A2 B1+2 12 w%+2 - (w1 +w+ 2)2 B1+2 —1.2 w%”_2 — (w1 — w2)2
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In the absence of capillarity in deep water the expression (9.3) becomes

1 ]. 2 g g - =
L = —¢3 (kykg)1/2 {3k1k§ + (k1 - k2)? — dwrws (k.E2) (k1 + ko) +
2(0.)1 -+ LU2)2 [(El . ];2)2 - k%k%] (wl - DJ2)2 [(El - E2)2 + k%k‘%]
+ +2 :
Tz~ @ @) R 04
In the one-dimensional case the formula (9.4) becomes remarkably simple
_ 1 k‘lzkz k1 < ko
Tha = ‘"{ kik? ki > ko (9.5)

The function T}, is continuous at k = k;, but its first derivative has a jump. This result was published by the
author in 1992 (Zakharov, 1992). At ky = k3

1
Tiz » Ty, Tu= i;;]ﬁ- (9-6)
In the presence of capillarity
K 2-o0k?
T = T g 0.1
For monochromatic waves we have:
1
b=Fi(k - ko), ow=;Tu|F|’ (9-8)
In natural variables "
1 ko
= kox — wt ~ 2=
n = acos(kor —wt — @), a = 27 o, —|F|?
and
obw 12—
w 41-20 k2(k) (9.9)

It is in agreement with the classical results of Stokes and other authors. In shallow water the limiting procedure
(9.2) needs some accuracy and falls beyond the framework of this article.

10. Kolmogorov spectra
Let us look now for stationary solutions of the kinetic wave equation (8.12). They satisfy the equation
st(N,N,N)=0 (10.1)

This equation has an ample array of solutions describing direct and inverse cascades of energy, momentum, and
wave action. A full description of these solutions has not been done so far. Only very special, isotropic solutions
could be found analytically in the case when wy is a power function

wy = alkl|?, (10.2)
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and T (El, Eg, Eg, E4) is a homogeneous function:
T(6E1,€E2,6E3,6E4) = CB T(El,Ez,Eg,E4) (10.3)

It is assumed that the function T(El, ks, k3, E4) is invariant with respect to rotation in k-space.

In the general case of water of finite depth wy, is not a homogeneous function. As a result, all known analytical
methods are unable to construct any nontrivial (non-thermodynamic) solution of equation (10.1). But in two
limiting cases, deep water and very shallow water, some solutions can be found. On deep water

wr =gk, a=1/2, (10.4)
and T (El, Eg, ]-4;3, E4) is given by the expression (5.1). Apparently, 8 = 3. On very shallow water
wi = slk|, a=1, (10.5)

and T(El,EQ,E3,E4) is given by formula (6.2). As far as singularities in (6.2) are cancelled, it is a regular
continuous function on the resonant manifold (6.4). Now 8 = 2. On a flat bottom the isotropy with respect to
rotation is satisfied.

- It is well known (see, for instance, Zakharov, Falkovich and Lvov, 1992) that under conditions (10.2), (10.3)
the equation (10.1) has powerlike Kolmogorov solutions

) = g PV g%
n? = gy QU3 kP (10.6)

Here d is a spatial dimension (d = 2 in our case).

The first one is a Kolmogorov spectrum, corresponding to a constant flux of energy P to the region of small
scales (direct cascade of energy). The second one is a Kolmogorov spectrum, describing inverse cascade of wave
action to large scales, and @ is the flux of action. In both cases a; and a; are dimensionless “Kolmogorov’s
constants”. They depend on the detailed structure of T'(k,k:,k,ks) and are represented by some three-
dimensional integrals.

Tt is known since 1966 (Zakharov and Filonenko, 1966) that on deep water

n) = g, P13 |1, (10.7)
For the energy spectrum
Lodw = wyn; dk (10.8)
one obtains
I, ~ P34, (10.9)

This result is supported now by many observational data as well as numerical simulations.
In the same way on deep water (Zakharov and Zaslavsky, 1982):

nscz) = ay Ql/S k~23/8 [~ QU3 ,11/8, (10.10)
On a very shallow water a = 1, 8 = 2, and we obtain:

nscn = G PY/3E-10/3 p2/3 I ~ p1/3 ,=4/3 (10.11)
n? = @ QKK [~ Q13,1 (10.12)
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Formulae (10.11), (10.12) are new. We must keep in mind that they are applicable only if the condition p < 85
is satisfied.

11. Conclusions

The weakly nonlinear theory of gravity waves has some window of applicability on shallow water. But this
window shrinks dramatically when the parameter § = kh tends to zero. For § ~ 0.5 the window is relatively
wide, u < 1072, but for § ~ 0.2 it barely exists, u < 10™%.

On deep water we can neglect the difference between the observed, n;, and renormalized, N, wave action.
On shallow water the difference could be very important for correct interpretation of observed data. We have
to remember that the kinetic equation is written not for real, but for “renormalized” wave action.

Many problems pertaining to the statistical theory of gravity waves on shallow water are still unresolved.
The most important problem is finding a Kolmogorov spectra for a fluid of arbitrary depth. From dimensional
consideration we can conclude that it has the form

N = PSRt F(kh), F-a, kh—oo, F—d (kh)?® kh—0 (11.1)
The function F(€) is unknown and should be found numerically.
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