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EQUATION AND THEIR INTERACTION

S.V. MANAKOV and V.E. ZAKHAROV
L.D. LandauInstitute for TheoreticalPhysics,Moscow,USSR

and

L.A. BORDAG,A.R. ITS and V.B. MATVEEV
LeningradStateUniversity,DepartmentofPhysics,Leningrad,USSR

Received24 August 1977

Explicit analytic formulaefor two-dimensionalsolitonsaregiven.It is provedthat, unlike one-dimensionalsolitons,
two-dimensionalonesdo not interactat all.

Non-linearquasi-onedimensionalwaves(withy whereF is anarbitrarysolution of thesystemof equa-
much largerthanx) in a weakly dispersivemedium tions
are describedby the Kadomtsev-Petviashiviliequation ~ a2F = 0 , + 4 ~ a3F
[1]: a—1-— — 4

ay ax2 ax’2 at ax3 ax
a(u~+ 6uu~+ u~~~)/ax= — 3a2 a2u/ay2 . (1)

implies that function
The sign of the parameter—a2 coincideswith that of

u(x,y,t)—2 aK(x,x,y,t)/ax (4)
the dispersionparametera2w/ak2.

It wasshownthat eq.(1) couldalsobe formulated obeyseq.(1). In particular,puttinga = 1 andchoosing
for the inversescatteringproblem[2, 3] . for F the form

It was alreadynoticed [1] thatplanesolitonsare N

unstableundertransverseperturbationsin a positive F= �~c~~’y,t) exp(pnx+ q
0x’)

dispersionmedium(exactsolutionof the stability n=1
problemis given in ref. [4]). This observationled to
the speculationthat thereare stabletwo-dimensional where
solitonslocalized in thex-y-plane[51and their profiles c~(y,t) = cn(O)exp[(—p~+ q~)y— 4(p~+ q~)t]
are numericallyfound [5]

In this paperwe presentanalyticexpressionsfor we arrive at thedegeneratekernelof eq.(2). With eq.
two-dimensionalsolitonsolutionsin termsof rational (4) we obtain
functionsof x andy,aswell as for arbitrarysystems a

2
of solitons.In our studyof this problemwe arelargely u = 2 — ln detA , (5)
encouragedby ref. [61,wheresingular rationalsolu- &x2
tionsof theKdV equationare found. whereA is anN X N matrix

We constructour exactsolutionsas follows [2]
The equation Anm = ~nm + c

0(y, t) ~(Pn+~n)x1p~+ q~. (6)

K(x, x’,y, t) + F(x, x’,y, t) Thissolutionhas first beenfound in ref. [2].. It des-cribestheN-planeinteractionand doesnotdecrease
in directionsin thex-y-plane.

x

+ f K(x,x”, y, t) F(x”, x’, ~, t) ~‘ = 0 , (2) Formulae(5) and(6) holdsfor arbitrarycomplex-valuedvariablesandparametersinvolved.Note that
aftersubstitutiony —* iy onegets from thesolution of
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eq.(1) with a2 = 1 a solution of eq.(1) with a2 = —1. to the two-dimensionalsolitonwith velocity u =

ConvenientvariablesarePn + q,~= ,~, p~-- q,~= v~ (vs,vp), v~ 3Ii~12, Vy = --6 Im
andc~(O)= ~ In thesevariablesA takesthe form In generalthe casethe soliton is nonsingular,pro-

— !<m ~n — Vm\ vided thatN=2k, and ~n+k = ~‘n’ ~n+k = ~n’ i.e.,
Anm = exp (— 2 ~ + 2 ) ~ , matrixB is of theblock structure:

where ~(tP ÷)~
2a~i~

Bnm= ~nm — — + + ~m where~ is thematrix of the form givenby eq.(7), n,

X exp[iç~(x— v~y— 3(~~+ K~)t] . m ~ kandwhereXnm: 2/(v~+ flm). Since this form
of B impliesthat detB > 0, the correspondingfunc-

Evidently,detA = detB. tions are nonsingular.
Let usnow takethe limit for K,~-~ 0, expanding The so constructedsolutionsdescribecollisions of

an = 1 ~nKn + O(i~).This resultsin detB = k two-dimensionalsolitons.The in- andout-fieldsat
H(—,~)det ~, where~ is a matrix of the form (after x = 31 ~I2t + x

0,y = —6 Im v~t + y0 provideevidence
substitutiony —~iy) of the abovefact. Thesestatesare givenby superposi-

tions of isolatedsolitons.A fascinatingfeatureof our
Bum ~nm(X — iv,~y — 3r~t) solutionsis that thecorrespondingphaseshifts, familiar

from the scatteringof one-dimensionalsolitons,are
2

+ (1 — ~nm) ~ ~‘m (7) exactlyzero. Thus, two-dimensionalsolitonsdo not
interactat all.

Thus,thefunction

= 2 a
2 ln detB/ax2 (8) References
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