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Abstract—It is shown that Torry’s theory of nutation based on the Bloch equations for the magnetization vec-
tor cannot be used for describing the “nutation” of interacting spins (including the splitting of spin energy lev-
els in zero magnetic field). The Bloch equations presume that the magnetic moment vector of spins fully
determines the spin state. However, this is true of only noninteracting particles with spin S = 1/2. Systematic
analysis is performed for the response (“nutation”) of spins to the instantaneous application of an alternating
magnetic field for the simplest system with spin S = 1 as an example. The dependence of spin nutation on the
spin—spin interaction and the pattern of excitation of spins by an alternating field is analyzed in detail. In the
conditions when the spin—spin interactions are comparable with of the spin interaction with the alternating
field, the motion of spin magnetization is described as the sum of contributions oscillating with different fre-
quencies, which are equal to the frequencies of transitions between the eigenstates of the spin Hamiltonian in
a rotating coordinate system. For the first time, the spin “nutation” is described using the Heisenberg math-
ematical apparatus. In this approach, the equations of motion are written directly for quantities measured in
experiment. The complete orthogonal set of quantities for spins consists of the dipole moment and multipole
polarizations. For demonstrating the potential of this description of “nutation,” the specific case of paramag-
netic particles with spin § = 1 is considered. Coupled equations of motion for the dipole and quadrupole
moments are obtained with account for the energy of splitting in zero magnetic field. These equations can be
referred to as generalized equations for the magnetic polarization of spins. The equations show that in the
presence of spin—spin interactions, the reversible mutual conversion of the dipole and quadrupole moments
occurs. This leads to oscillations of the length of the spin magnetization vector, the projection of which is usu-
ally observed in experiment. Therefore, the experimentally observed oscillations of the magnetization projec-
tions reflect the nutation of the magnetization vector as well as the modulation of the length of this vector due

to mutual conversion of the dipole and quadrupole polarizations.

DOI: 10.1134/S1063776122110164

1. INTRODUCTION

The methods for studying the spin magnetization
in the transition regime under the sudden application
or removal of an external ac magnetic field have been
proposed even at early stages of evolution of magnetic
resonance spectroscopy [1].

After a sudden removal of an ac magnetic field
pulse, a free induction signal is observed. This method
is widely used mainly in nuclear magnetic resonance
(NMR) spectroscopy [2]. The evolution of a free
induction signal occurs under the action of the Ham-
iltonian of a free system in zero ac magnetic field. If
the system is initially in equilibrium state and the ac
field is strong enough for nonselective spin excitation,
the Fourier transform of the free induction signal
coincides in form with the stationary spectrum
recorded in the linear response conditions [3].

The registration of magnetization in another tran-
sient regime (for a sudden application of ac magnetic
field B,(?) [1, 4—6]) is also of considerable interest. In
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this approach, the motion of spins is detected in dc
magnetic field B, (z axis) and in transverse field B, (7).
This approach attracts attention for the following rea-
sons [4—6].

(i) In the transition region, the amplitude of the
observable magnetization can substantially exceed the
magnetization in the conditions of a stationary elec-
tron paramagnetic resonance (EPR) spectrometer.
Therefore, the measurement of magnetization in a
transient time interval improves the sensitivity of
experiment.

(ii) The time dependence of the magnetization in
the transient time interval makes it possible in princi-
ple to determine all parameters of the spin Hamilto-
nian, including the relaxation times for the longitudi-
nal and transverse magnetization components. Natu-
rally, pulsed magnetic resonance methods have been
developed for measuring the relaxation time. How-
ever, not all laboratories are equipped with pulsed
EPR facilities. At the same time, widely used EPR
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spectrometers intended for recording spectra in the
stationary conditions can be modified relatively easily
for detecting magnetization under the sudden applica-
tion of ac field B,(¢) [6—S8].

(iii) The fact that the detection of the time depen-
dence of the spin magnetization upon a sudden appli-
cation of ac magnetic field B,(f) makes it possible in
principle to determine the multiplicity of electron
spins of isolated paramagnetic particles or spin clusters
[4—6].

The proposition to use the nutation method for
determining the spin multiplicity of spin clusters
attracts considerable attention [4, 5, 8]. To such sys-
tem, we can attribute, for example, fullerene mole-
cules with an adjoint free radical. A fullerene molecule
that has absorbed a light quantum is excited to the sin-
glet electron state of fullerene with zero spin. Owing to
the spin—orbit interaction, excited fullerene molecules
can pass to the triplet state with unit spin. The triplet
fullerene molecule and the adjoint radical with a spin
of 1/2 can be in the state with a total spin of 1/2 and
3/2. In the case considered here, the total spin of 1/2
can also be observed for fullerene in the singlet excited
state with an adjoint free radical. A direct evidence of
the formation of a state with a total electron spin of 3/2
in this system is of considerable interest. Another
example can be spin-correlated pairs of ion—radicals,
which are formed at the primary stage of charge sepa-
ration in the reaction center of photosynthetic sys-
tems.

In the simplest case, the motion of the magnetiza-
tion vector in dc magnetic field B, (z axis) and in cir-
cularly polarized transverse field B,(7) is nutation [3].
Using the Bloch equations for the magnetization vec-
tor, Torry [1] demonstrated, for example, that when
the carrier frequency of the ac field coincides with the
precession frequency of the magnetic moment in the
dc magnetic field, the magnetization vector observed
in the rotating coordinate system has the following
components:

M, =(S,) = —sin(ey),
M, =(S,) = cos(ayp), (1
M, =(S,) =0,

where ®, = (gB/h)B, is the Rabi frequency of the ac
field, g is the spectroscopic splitting factor, and 3 is the
Bohr magneton. According to relations, (1), the end of
the magnetization vector circumscribes a circle in the
yz plane. In the Torry theory, the spin nutation fre-
quency is equal to the Rabi frequency and is indepen-
dent of the spin value. Therefore, the Torry nutation
theory does not predict the possibility to determine
the spin multiplicity from the data on spin “nutation.”

It should be noted that in Egs. (1), the irreversible
phase relaxation that is determined by relaxation time
T, in the Bloch equation is not taken into account. To
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detect nutation (1) correctly in experiment, condition
o, 7, > 1 must be satisfied, i.e., the Rabi frequency
must be high as compared to the relaxation rate.

The Bloch equations for the magnetization vector
correctly describe the motion of spins in magnetic
fields only for a system of noninteracting paramag-
netic particles with spin S = 1/2. In the general case,
the motion of the magnetization vector after a sudden
application of an ac field should be considered using
the consistent quantum theory. Then it turns out [4, 5]
that upon a sudden application of the field in the tran-
sition region, until the stationary state is attained, the
observed magnetization demonstrates oscillations; in
the general case, more than one oscillation frequen-
cies appear, while in the Tory nutation (1), only one
frequency is expected. This means that in the general
case, the motion of the spin magnetization is not the
nutation described by Torry [3]. Despite this, the
motion of spins after the sudden application of an ac
field will be referred to as “nutation” for brevity.

At present, the quantum theory of the spin dynam-
ics in experiments on “nutation” is constructed as fol-
lows.

We assume that in zero field B,(7), the spin system
is described by spin Hamiltonian H,. For particles with
spin S > 1/2, the spin Hamiltonian contains the Zee-
man interaction with dc field B, and the zero field
splitting term. Upon the application of the ac field, the
spin Hamiltonian takes form (the spin Hamiltonian is
written in system of units, in which 7 = 1)

H = H, + 20,5, cos(o), )

where , is the Raby frequency and  is the carrier fre-
quency of the linearly polarized field. Further analysis
is simplified substantially when eigenstates of H; in a
good approximation are also the eigenstates of opera-
tor S, of the spin projection on quantization axis z par-
allel to B,. In many situations, such a secular approxi-
mation for the spin Hamiltonian is justified. In this
case, taking into account only one circularly polarized
field component and passing to a rotating coordinate
system, we obtain spin Hamiltonian

H, = H,-0S, +®S.. 3)

It should be noted that in the basis of eigenfunctions
|m) of operator S, the nonzero matrix elements of the
operators of the x projection of spin are given by [9]

(&Mm=wmﬂw%«S+mw—m+u )

It follows hence that the matrix element of a transi-
tion from level m to level m — 1 depends on particle spin
S. This property of the interaction of the spin with the ac
field, ®,S, (see expressions (3) and (4)) makes it possible
to determine the value of spin from “nutation.”

Vol. 135

No.5 2022



A NEW VIEW ON SPIN “NUTATION”

Disregarding the paramagnetic spin relaxation, we
can define the spin magnetization after a sudden
application of field B, as [9]

M, = Tr{S,p(1)}
= Tr{S, exp(—iH,1)p(0) exp(iH, 1)}, Q)
Uu=2x,Yy,z

Here, p(0) is the initial spin density matrix at the
instant of sudden application of field B,. If the spins
are in thermodynamic equilibrium, we can set p(0) =
H, in expression (5) in the high-temperature approxi-
mation [1, 5]. For example, in the case of strong fields
B,, when the Zeeman energy is larger than the zero

field splitting, we have

p(0) =S.. (6)
Then Eq. (5) is reduced to
M, = Tr{S, exp(—iH,1)S, exp(iH, 1)},
u=xD),=z.

The spin “nutation” was calculated using this
expression in a number of publications [4—8, 10].
These calculations have shown that in the case of sud-
den application of field B, oscillations of the observed
magnetization (7) are manifested with frequencies that
depend on the ac field power. Moreover, in the condi-
tions of selective excitation of a resonant transition,
oscillation is observed with a single frequency equal to
the doubled matrix element of the transition for oper-
ator V = ®,;S, of the interaction with field B,; the
matrix element of the resonant transition is calculated
in the basis of eigenfunctions of operator S, (see
expression (4)). Based on this observation, it has been
stated that the nutation frequency for arbitrary spins is
determined by the transition matrix element for oper-
ator V= ®,S, [4, 5]. Since these transition matrix ele-
ments depend on spin (see expression (4)), the mea-
surement of the nutation frequency can be used for
determining spins of particles.

The calculations of “nutation” with specific mag-
netoresonance parameters of spins revealed that sev-
eral contributions to the experimentally observed sig-
nal can be manifested in “nutation” simultaneously
[4—6, 8, 10]. In this case, it is necessary to find out
which of these frequencies should be treated as the
“nutation frequency.”

In this study, we propose a consistent analysis of this
problem. The analysis is performed for systems in which
spin Hamiltonian H, (see relations (2) and (3)) of free
motion preserves the z projection of the spin (i.e., con-
dition [H,, S,] = 0 is satisfied). This permits the system-
atization of the description of spin “nutation.”

The article has the following structure.

In Section 2, the main results of theoretical calcu-
lations in the “nutation” dynamics are summarized
using Egs. (5) and (7). It is shown that upon a sudden
application of an ac field, the motion of the magneti-

(7
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zation vector is the Torry nutation only when certain
relations hold between the energy of spin-dependent
interactions of a free spin system and the energy of
interaction of spins with an ac field.

In the general case, the motion of the magnetiza-
tion cannot be reduced to the Torry nutation. The
observed signal contains the contributions of oscilla-
tions with frequencies of EPR transitions in a rotating
coordinate system. The sum of these contributions
leads to beats of the “nutation” signal.

Therefore, the quantum theory using Egs. (5) and
(7) predicts a manifestation of several oscillation fre-
quencies of the “nutation” signal. This is in confor-
mity with experimental data. It may appear that every-
thing is fine. However, a new observation has
appeared in calculations. Analysis of the “nutation” of
model spin systems performed in this study reveals
that during “nutation,” not only the direction of the
magnetic dipole moment of spins (spin magnetization
vector), but also the modulus (Iength) of this vector
changes in a quite intricate manner.

This observation is explained visually in Section 3.
For this purpose, the Bloch equations for the magne-
tization vector had to be replaced by more general
equations, including (apart from the dipole polariza-
tion) the corresponding multipole spin polarizations
in explicit form.

2. QUANTUM THEORY OF SPIN DYNAMICS
IN THE “NUTATION” CONDITIONS
FOR MODEL SITUATIONS

In the general case, the description of spin nutation
is a quite complicated problem Here, we consider the
results for several simple situations that make it possi-
ble to reveal general properties of “nutation” of inter-
acting spins.

2.1. Formalism Conventionally Used for Calculating
the Spin Dynamics with “Nutation” (Eq. (5))

In accordance with Eq. (5), the spin dynamics after
a sudden application of an ac magnetic field is deter-
mined by the eigenvalues and eigenvectors of spin
Hamiltonian H, (3) in a rotating coordinate system. In
the basis of eigenfunction of H, (3), the diagonal ele-
ments of the density matrix (populations of the eigen-
states of the spin Hamiltonian) remain unchanged
with time if we disregard paramagnetic relaxation. The
nondiagonal matrix elements of the spin density
matrix (i.e., the coherence of spins) in the basis of
eigenstates of spins in the rotating coordinate system
vary with time in the familiar way [9]:

Pica(®) = (Po)x eXP(—(E, — E)Y). )

Here, E, and E, are the energy levels of spin Ham-
iltonian (3) in the rotating coordinate system.
Vol. 135
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In accordance with expressions (5), (7), and (8),
the experimentally observed dipole moment (magne-
tization) of spins is the sum of the contributions oscil-
lating with frequencies equal to energy difference E, —
E, for a pair of levels, of the eigenstates of spin Hamil-
tonian (3) in the rotating coordinate system.

After a sudden application of field B,, oscillations
of the observed signal with different frequencies have
different amplitudes, and some frequencies (associ-
ated with certain quantum coherences) may not be
manifested. This depends on the following two factors.

First, this depends on the initial values of spin
coherences (py);, , (5) and (8) in the basis of eigen-
states of Hamiltonian A, in the rotating coordinate
system. If the spins are in the thermodynamic equilib-
rium at the instant of sudden application of a micro-
wave (see expression (5)), we are dealing with nondi-
agonal elements of operator S, in the representation of
eigenfunctions of spin Hamiltonian H, (3).

Other initial states of spins are also possible. In the
case of pulsed photoexcitation of molecules due to
spin-selective nonradiative singlet—triplet transitions,
there appear triplet excited molecules with nonequi-
librium polarization of spins. For example, the situa-
tion is possible when triplet molecules are generated
only in states with spin projection m = 1. In this case,
the initial matrix in expression (5) can be represented

as p(0) = 5.

It should be noted that initial condition p(0) = Sz2
can also be realized in the thermodynamic equilibrium
condition if field B, is quite weak and the Zeeman
energy is lower than the zero field splitting.

Second, the manifestation of different frequencies
in the observed “nutation” signal depends on the
coherences that appear in the operator of the experi-
mentally observed magnetization (see operator .S, in
expressions (5) and (7)) in the basis of eigenstates of
the Hamiltonian in the rotating coordinate system.
The observable quantity in the magnetic resonance is
usually the x-, y-, or z-component of the spin mag-
netic dipole moment (i.e., S, =S|, S, S in expressions
(5) and (7)).

It will be shown below that in the extremal situation
of the nonselective excitation by a n ac field, the Torry
nutation with the Rabi frequency must be observed in
good approximation for any values of paramagnetic
particle spin. In this case, experiments on nutation
provide no information on the magnitude of spin.

It should be noted that in many situations, nonse-
lective excitation can be realized for nuclear spins.
However, it cannot be realized as a rule for electron
spins because the inhomogeneous broadening of EPR
spectra is usually much larger than the amplitude of
field B,.
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In the case of selective excitation of only one reso-
nant transition, nutation with only one frequency is
practically observed in a quite good approximation
also. In contrast to the previous case of the nonselec-
tive spin excitation, the nutation frequency depends on
the magnitude of spin.

It may appear at first glance that the observation of
nutation in the case of selective excitation of only one
resonant transition between spin levels is a convenient
and universal method for measuring the spin of para-
magnetic particles. However, such a type of excitation
requires the fulfillment of certain conditions. First,
the Rabi frequency must be substantially lower than
the difference between our preferred transition fre-
quency and other frequencies in the EPR spectrum.
Second, the Rabi frequency must be high enough for
the Torry nutation to perform at least one period of
motion during the paramagnetic relaxation time. For
example, if the phase relaxation time for electron spins
is approximately 1 us, the Rabi frequency must be not
less than 1 G. This means that for the selective exci-
tation of only one transition in the EPR spectrum, the
frequency difference between a preferred resonantly
excited transition and another spin transition with the
closest frequency (another line in the EPR spectrum)
must be larger than several gauss.

In EPR spectroscopy, these selective excitation
conditions often cannot be satisfied simultaneously.
For this reason, the development of the nutation the-
ory is especially topical for electron spins when the
type of spin excitation cannot be reduced to the limit-
ing types of spin excitations considered above.

In the general case, the response of the system to
the sudden application of an ac field is not the Torry
nutation. However, this does not mean that it is
impossible in some situations to obtain the value of the
particle spin from experimental data on “nutation.”
The detection of “nutation” makes it possible to deter-
mine the value of spin. For this, the results of simula-
tion (theoretical calculations of “nutation”) must be
compared with experimental data.

2.2. Limiting Case of Nonselective Excitation of Spins

Nonselective excitation of spins is realized in the
case of strong field B,, for which the Rabi frequency is
much higher than the frequency spread in transitions
between the eigenstates of spin Hamiltonian H — ®S,.
The nonselective excitation of spins by an ac field
means that in the applied ac magnetic field, we can
retain only one term in the spin Hamiltonian in the
rotating coordinate system:

Hr = (Dle. (9)

The motion of the spin with such a Hamiltonian
can easily be determined. Indeed, the eigenvalues
Vol. 135
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(energy levels) of Hamiltonian (9) are well known for
any value of spin S. These eigenstates take values

E ={0S,0(S = 1),...,~0,S}. (10)

For each of such equidistant energy levels, eigen-
functions can be found easily.

Substituting expression (9) into (7), we obtain a
very simple relation for the nutation signal in the case
of a nonselective spin excitation:

M, = Tr{S, exp(—iw,S,H)S, exp(iwS,H)},
u=2xJ,z.

This relation implies that in the thermodynamic
equilibrium conditions, the quantum coherence in the
initial state exists only between adjacent energy levels
m, m £ 1, for which the transition frequency is m, (see
expression (10)). As a result, in the transient nutation
signal, there appear oscillations only with Rabi fre-
quency ®;, and we obtain

M, = =2sin(my),
M, =2cos(w?),
M, =0.

Therefore, in the conditions of nonselective exci-
tation of spins, the nutation can be described by the
Torry theory if the spins have been in thermody-
namic equilibrium at the instant of a sudden applica-
tion of an ac field, and the spin state can be defined
by operator (6).

In accordance with the above arguments, in the
case of nonselective excitation of spins (9), coherences
with frequencies ®;, 20, ..., 20,5 can be manifested in
nutation. The frequencies that can be manifested
depend on two factors. First, this depends on coher-
ences in the basis of eigenstates of the spin Hamilto-
nian in the rotating coordinate system, which are pres-
ent in the spin system at the initial instant of a sudden
application of an ac field. Second, this depends on the
specific physical quantity, which is measured in exper-
iment. When the M, or M, component of the spin
magnetization is the observable and the initial spin
state is defined by Eq. (6), only single-quantum
coherence defined by spin Hamiltonian (9) is mani-
fested in “nutation.”

(1)

(12)

2.3. Limiting Case of Frequency-Selective Spin
Excitation

A spin excitation selective in one of frequencies can
be realized in the case of relatively weak field B;, when
the Rabi frequency ®,; is much smaller than the spread
in the frequencies of transitions between the eigenstates
of spin Hamiltonian H, — ®S,. In this case of fre-
quency-selective spin excitation, the “nutation” fre-
quency depends on the spin of paramagnetic particles.

To visually demonstrate how the dependence of the
spin nutation frequency on spin appears in the selec-
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tive spin excitation conditions, we consider a system of
particles with spin .S = 1 and an isotropic g tensor and
assume that the spin Hamiltonian consists of the
energy of the Zeeman interaction of spins with dc
magnetic field B, and the energy of splitting of spin
levels in zero magnetic field. For further calculations,

we choose the splitting energy in simplest form DSf ;
i.e., the spin Hamiltonian in a rotating coordinate sys-
tem has form [10]

H, = (0 — ®)S, + DS. + 0,S,. (13)

For example, the term with D in this expression can
be associated with the dipole—dipole interaction of
two spins. It should be noted that the emergence of
splitting of spin energy levels in zero magnetic field
(B, = 0) is a consequence of the spin-dependent inter-
action. For example, the statement that a paramag-
netic particle has electron spin .S = 1 implies the pres-
ence of at least two electrons. The total spin of two
electrons can have a multiplicity of 1 (total spin S =0,
singlet state of a pair of spins) or a multiplicity of 3
(8§ =1, triplet state of a pair of spins). For example,
owing to the exchange interaction, the singlet state can
be highly excited, while the triplet state can be the
ground state as in the case of oxygen molecules.

In the basis of eigenfunctions S, we have the repre-
sentation of spin Hamiltonian (13) in form

0, —0+D (ol/x/i 0
Ho=| o/nN2 0 /N2
0 o/V2 (0, — ) + D

(14)

This matrix takes a simpler form if we choose the ac
field frequency equal to the resonance frequency of
one of transitions (e.g., ® = ®, + D). If this resonance
condition for the frequencies of the selective excitation
situation considered here is satisfied, when ®,; < D,
spin Hamiltonian (14) can be written in the approxi-
mation linear in ®;/D in form [4, 11]

0 /N2 0
H=lo/N2 0 0 (15)
0 0 2D

In this approximation, weak field B, does not affect
the state of the spin with projection m = —1. However,
even very weak field B, effectively mixes two degener-
ate states of the spin with projections m =1 and m = 0.
The eigenvalues and eigenstates of H, (15) are given by

w, 1
E :—1’ lP - —F= +1 +0 )
1= 7 | ﬁ(l ) +(0))
o, 1
E, =—F2, ¥, =—(H+D) +)0)), 16
E,=2D, Y,=|1.
Vol.135 No.5 2022
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Fig. 1. Trajectories of the tip of the magnetization vector for (a) nonselective and (b) selective spin excitations. Calculations are
performed for ®; =1 G, D=0 (a) and 40 G (b). In this article, the frequencies are measured in gauss. To transform frequencies
into rad/s, the value in gauss must be multiplied by the gyromagnetic ratio. For example, for a free electron, the multiplication

factor is 1.76 x 10.

Using relations (7), (15), and (16), we obtain

1
M, =——+—
Y2

M, = %(3 + cos(v2m,7)).

It can be seen that the difference between the first

sin(v2wy),
(17)

two eigenvalues (16) gives nutation frequency Vo 1-

Therefore, in the two limiting situations (nonselec-
tive excitation and selective resonant excitation of one
of transitions), nutation occurs with different frequen-

cies ®; (12) and xﬁml (17), respectively. However, it
turns out that there is one more difference between
nutations in these limiting cases. In the selective exci-
tation, the tip of the magnetization vector circum-
scribes a circle in the plane perpendicular to B, (see
expression (12)), while in selective excitation, it circum-
scribes an ellipse (see expression (17)). In this case, the

semimajor axis (along M,) is V2 times larger than the
semiminor axis of the ellipse (along M) (Fig. 1).

Oscillations with a small amplitude in Fig. 1b are
due to the fact that the ac field slightly excites a non-
resonant transition also. When we speak of “selective
resonant excitation of spins,” this does not mean that
only one resonant transition is excited. In actual prac-
tice, other (nonresonant) transitions are also excited
(true, with a much lower effectiveness than a resonant
transition).

The arguments put forth for spin S = 1 can easily be
generalized to arbitrary spins. For this, we propose
that because of a quite strong splitting of spin energy
levels in zero magnetic field B, for a given frequency of
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the ac field, only a resonant transition with a change in
spin projection m is effectively excited (m, m — 1, see
relation (4)). If the resonant excitation condition for
one of possible lines in the EPR spectrum is satisfied
for Hamiltonian H, as well as conditions of negligibly
small excitation for other (nonresonant) lines, there
appears nutation with frequency [4, 5]

Quue = 200(S) s = OWNS +m)(S —m+1). (18)

Thus, in the case of selective resonant excitation of
transitions between two levels with quantum numbers
m, (m — 1), nutation with frequency equal to doubled
matrix element of the resonant transition induced by
the interaction of field B, with spins can be mani-
fested. This nutation frequency is maximal for mini-
mal values of m. Indeed, for the maximal value of

m =S, wehave Q= wlx/ﬁ (see expression (18)). For
the minimal value of m, the nutation frequencies are
different for integer and half-integer spins. For integer
values of S, we have Q= ®,+/S(S + 1), while for half-
integer .S, we obtain ®,, = ®,(S + 1/2). The depen-
dence of the nutation frequency on the resonant transi-
tion that is excited by the ac field makes it possible to
determine the spin value by comparing the results
obtained for the excitation of different transitions.

2.4. General Case of Spin Excitation

In the general case, it is necessary to determine the
eigenvalues and eigenstates of spin Hamiltonian H, (3)
in the rotating coordinate system and ultimately to cal-
culate the time dependence of “nutation” only
numerically.
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By way of illustration, Fig. 2 shows the calculated
dependences of the M, magnetization components for
spin § = 1 with spin Hamiltonian (13) after a sudden
application of an ac field for spin S = 1.

It should be noted that the period of oscillations is
T =2rn/w. All curves in Fig. 2 are calculated for ®, =
1 G. In these units, for oscillations with frequency
®, = 1 G, the period of oscillations is 7= 21 = 6.28 in
the units of 1/G. The period of oscillations with fre-

quency N2, is T=4.44 1/G.

It can be seen from Fig. 2 that in the absence of
splitting in zero field (D = 0, blue curve in Fig. 2a), the
nutation period is 6.28, i.e., the nutation frequency is
o, = 1 G. This result is expected because in this case,
nonselective spin excitation is realized and, hence,
Q.. = O, (see relation (14)).

When the splitting in zero field is much stronger
than m, (red curve for D =20 G in Fig. 2a), the period
of oscillations almost coincides with the expected
result for the selective excitation of spins: the nutation
period is 4.44 1/G, i.e., the nutation frequency coin-

cides with \/5(1)1 (see relation (19) below).

In both aforementioned limiting situations, the
observable quantity oscillates with single frequency m,

or \/5(,01 for the nonselective or selective resonant spin
excitation, respectively.

For an intermedium value of D = 0.5 G (see
Figs. 2a and 2b), not one, but all three possible coher-
ences (one-quantum and two-quantum oscillating
terms of the observable magnetization component)
contribute to the observed signal.

Using numerical calculations, the dependence of
experimentally observed quantity has been deter-
mined in the situation when D=0.5G, ®, =1G, and
o=, + D:

M, =—0.76sin(1.057)

, . (19)
—0.9sin(1.25¢) — 0.024 sin(2.3¢).

For these parameters, the eigenvalues of the spin
Hamiltonian in the rotating coordinate system are

E =145G, E,=-0.85G, E;=0.40G. (20)

In this specific example, the main contribution to
the observed “nutation” comes from coherences
between states 1 <> 3 and 2 <> 3, while the coherence
of states 1 <> 2 makes a negligibly small contribution.

In the limiting situation with D > ®,, for the selec-
tive resonant excitation of the spin transition, the
nutation frequency depends on spin (see relation (19)).

For spin S = 1, the nutation frequency is equal to x/icol
(see expression (19)).
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-0.5
-1.0
-1.5

Fig. 2. (a) Time dependences of the My component of the
magnetization after a sudden application of am ac field
with amplitude ®; =1 G (blue, green, and red curves cor-
respond to D = 0, 0.5, and 20 G). (b) The curve for D =
0.5 G is plotted separately to elucidate better the beats of
two oscillating contributions with different frequencies. All
calculations have been performed for the case when the
carrier frequency of the alternating field coincides with one
of resonance frequencies of spins; in these calculations, the
resonant transition at frequency ® = o, + D has been
selected. The time laid on the abscissa axis in Figs. 2—4, 7,
and 8 must be multiplied by (2r/1.76) % 10~7 to convert it
into seconds. For a field of 1 G, the angular frequency is
o, = 1.76 x 107 rad/s, or v; = 2.8 MHz.

In interval |D| < v2®,, oscillations with two or three
frequencies can appear. When the contributions of two
oscillations are comparable, their beats can be
observed, as shown by the curve in Fig. 2b.

In actual situations, only such oscillations are
observed in experiment, the period of which is shorter
than the spin decoherence time. Therefore, only a few
periods of oscillations can be observed in experiment.
In this case, the time of the first passage of the
observed signal through zero can be erroneously inter-
preted as the “nutation” period.

In Fig. 2a, instants #* at which the observable signal
passes through zero for the first time in limiting case
when D = 0 and D > ®, are equal to the nutation
period in the relevant limiting cases.
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In the intermediate case with D = 0.5 G and w, =
1 G, instant r* at which the observed signal passes
through zero for the first time does not give the period
of oscillations for any coherence. For example, in the
case when two coherences make almost identical con-
tributions to the nutation signal, time #* is equal to the
period of oscillations with the frequency equal to half
the sum of the frequencies for two spin coherences.

Therefore, in the general case, the determination of
the spin from the data on “nutation” is not so straight-
forward as in the limiting cases of very weak and very
strong splittings in zero magnetic field. However, this
does not mean that it is impossible to determine the
value of spin from experimental data on “nutation.” It
is possible to measure “nutation” for several values of
,, which correspond to a certain degree of selectivity
of excitation, and to simulate of experimental data by
numerical calculations.

2.5. Variation of the Length of the Magnetization Vector
during “Nutation” Due to Spin Dynamics Even
in the Absence of Paramagnetic Relaxation

In this study, the behavior of “nutation” only due
to spin dynamics is considered, while spin relaxation
to the thermodynamic equilibrium state is not consid-
ered. In such a situation, it turns out that the projec-
tions of the dipole magnetization vector onto the x, y,
and z coordinate axes, which are calculated using
Eq. (7), give a vector with a length oscillating with
time in an intricate manner. This observation will be
illustrated below.

This observation impels to consider the spin
dynamics during “nutation” from a different stand-
point.

It is well known that quantum systems can be
described using the Heisenberg mathematical appara-
tus. In this approach, the equations of motion are writ-
ten directly for experimentally measured quantities. In
the problem considered here, such quantities are the
projections of the dipole polarization and the compo-
nents of multipole spin polarizations [12, 13]. It can be
noted that the Heisenberg approach has been success-
fully used, for example, in the theory of spin polariza-
tion induced by the spin-dependent recombination of
radical pairs [14, 15]. In the next section, this
approach is realized in analysis of the effect of the
spin—spin interaction on spin “nutation.”

3. GENERALIZED EQUATIONS FOR SPIN
POLARIZATION AND SPIN “NUTATION”

It has been mentioned above more than once that
Torry’s theory fails to describe spin “nutation” in the
general case. This is not surprising. Torry used the
Bloch equations for magnetization. These equations
imply that three projections of the magnetization pro-
vide a complete description of the spin system. In the
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quantum theory, three spin projections give a compre-
hensive description only for noninteracting particles
with spin .§'= 1/2. For example, for a particle with spin
S =1, not only three projections of the spin moment,
but also five components of the spin quadrupole
moment must be specified to obtain a complete
description [12].

For this reason, in analysis of the motion of spins in
the conditions when spin interactions are manifested,
the attempts at using the Bloch equations as an equiv-
alent model for describing the spin dynamics are not
justified. To elucidate the role of multipole moments
in the motion of the dipole moment, it is expedient to
write the quantum equations of motion for a complete
set of physical quantities (for the dipole and multipole
moments).

To demonstrate this approach to the description of
the spin dynamics, we consider in detail the simplest
model system of paramagnetic particles with spin .S =
1, which do not interact with one another; however,
for each spin, we take into account the so-called split-
ting energy levels in zero magnetic field.

For particles with spin .S = 1, we obtain a system of
equations for the complete set of physical quantities
describing the spin state. The spin dynamics is calcu-
lated numerically for each projection of the spin dipole
moment and for each component of the quadrupole
moment after the sudden application of an ac field.

It is shown that in the conditions when the energy
of spin—spin interactions is commensurate with the
energy of interaction of spins with an ac magnetic
field, the reversible mutual transformation of the
dipole and quadrupole spin polarizations plays an
important role.

3.1. Mutual Transformations of the Dipole
and Quadrupole Moments for Paramagnetic Particles
with Spin S = 1

Let us consider a system of particles with spin S =1
and an isotropic g tensor and assume that the spin
Hamiltonian includes the energy of the Zeeman inter-
action of spins with a dc magnetic field B, and the

splitting of energy levels in form DSZ2 ; i.e., the spin
Hamiltonian in a rotating coordinate system has form
(see expression (13))

H, = (0, - m)S, + DS, + ®S,.

All calculations have been performed under the
assumption that the ac field frequency is ® = ®, + D.
This frequency of the ac field is the resonance fre-
quency for one of transitions in the stationary EPR
spectrum in the conditions of a linear response for spin
S = 1 with spin Hamiltonian

HO = (,OOSZ + DS?.
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Any state of spin S = 1 is defined by a 3 X 3 density
matrix (i.e., by nine numbers). Taking into account
the normalization condition and the hermiticity of

density matrix (py, = p:‘:,k [9]), we find that eight
experimentally measured physical quantities can also
provide a complete description of the state of spin S =
1. These quantities are three projections of the spin
and five components of the quadrupole tensor (quad-
rupole moment) [12]:

S..S,.S.,
Q. =5S,S,-5,S,,
2
=S,S,-=F
QZZ 7z 3 s (21)

Q, =S,S,+S,S,,
Q.=S,S.+S.SS,,
Q,.=SS,+SS,.

Here, F is a unit operator. These operators together
with the unit operator form a complete orthogonal
basis of the operators.

For all projections of spin moment (S,, S,, and S,)
and quadrupole tensors components Q,,,, we can write

the Heisenberg equation of motion. For arbitrary
operator A, we have equation

oA _ i[H,Al.
ot

For operators (21), we obtain the following system
of linear equations:

(22)

3S.
3 = Dsy - DQyz’
2s,
Py~ _ps, - oS, +DQ,.,
at x 0‘)1 Z sz
S
P: S,
o
a(l_xy = _2DQxxyy - O‘)lez:
0Q
7"1 =-DS, + ®Q,, + DQ,,,
ats_tyz = sz - (Dlexyy - 30)1sz - Dsz’
anz _
at - O‘)leza
anxyy

T = 2DQxy + (Dlez-

It can be seen from this equations that for D = 0,
there is no mutual conversion of the dipole and quad-
rupole moments; the alternating field does not induce
such transformations. Spin—spin interactions (D # 0)
induce the reversible conversion of the dipole and
quadrupole moments.
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It should be noted that for D = 0, Egs. (23) for the
dipole moment projections coincide with the Bloch
equations with no account for paramagnetic relax-
ation.

The experimentally measured mean values of spin
(magnetization) projections and the quadrupole
moment components are given by

S, =(8,) = Tr(S,p(0)),
O, =(0u) = Tr(Q,,p(0)),

uv =Xx,y,2.

(24)

Here, p(0) is the initial spin density matrix at the
instant of sudden application of field B,. If the spins
are in thermodynamic equilibrium, in the high-tem-
perature approximation in expressions (24), we can
assume that p(0) is equal to S, (6).

It can be seen from Eqgs. (23) and (24) that the aver-
age values of physical quantities (24) satisfy the same
equations (23) for the operators of corresponding
physical quantities.

System (23) of linear differential equations for
average values (24) must be solved for the initial con-
ditions that are defined by the spin density matrix at
the instant of sudden application of an ac field. If the
spins are in the state of thermodynamic equilibrium
and the initial state of spins is defined by expression
(6), the spin “nutation” starts from the state in which
there is only one nonzero initial condition (5,(0) = 2),
while all remaining projections of the dipole moment
and all components of the quadrupole moment are
equal to zero.

In the case of photoexcitation, molecule can be
obtained in the triplet state with a nonequilibrium
polarization of electron spins. For example, the initial
state of the spin can be described by density matrix

p0) = Sz2 [5, 15]. In this case, Egs. (23) for mean val-
ues (24) should be solved with the initial conditions
0..(0) =2/3, and the remaining quantities are equal to
zero. Spin “nutation” starts from the state in which the
dipole moment is zero, and only one of the quadru-
pole moment components differs from zero. In this
case, in the experiment on “nutation,” first the signal
is equal to zero, and a nonzero signal is observed only
upon the conversion of the quadrupole moment into
the dipole moment because one of the dipole moment
projection is usually registered in experiment. There-
fore, if an enhancement of the signal is observed in
experiment over short time intervals, this means that
by the instant of microwave field application, the spin
has been in the state with nonzero quadrupole polar-
ization. Precisely such a behavior of “nutation” is
observed in experiments with the polarization of elec-
tron spins in electron-excited organic molecules in
accordance with the so-called triplet mechanism of
spin polarization [5, 8, 15].
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It is worth noting that the second derivatives of the
observable quantities also satisfy the following system
of linear equations:

9°S,
= DQRD(=S, + Sy) + (Spyy — S, +3S,)),

or’

azSy 2 2
S =25, 4 5,0 + Sy Doy - S,

2
9’S

< = oy (D(S,
p% oy (D(

- sz) + Sz(!)]),

2
% = _4D2Sxxyy
t
-35,.) — (S,

+ Doy (S, xyy
azSZz —
? = =0 (D(=Sy +8) + (Syyy + 35 )@),

+35. )y, (25)

0’S

at;‘y = —4D’S,, + Dy(S, —3S,,) — S, 01,
2’S,, 2 >
7=21) (S, = Sy)+ DOy(=3S,,, +, —3S,.) S, 00,
2
a S)’Z

2 2
3= 208, = 5,0 ~3D0S,, — 45,00

The initial conditions required for solving these
equations are defined by the initial values of the
observable quantities at instant # = 0; the first deriva-
tives at = 0 are given by Egs. (24).

These equations are very interesting because their
form coincides with the equations of coupled oscilla-
tions of harmonic oscillators. However, a peculiarity
also exists. The coupling coefficients of different pairs
of oscillators can have different signs.

For any system of spins with the spin Hamiltonian
that does not change with time, we can obviously write
a system of coupled equations of “harmonic oscilla-
tors’ for the complete set of experimentally measured
physical quantities, which is analogous to system (25).

In limiting cases, Egs. (23) and (25) are simplified
significantly. In the absence of zero field splitting, we
must set D =0 in these equations. Then the dipole and
quadrupole moments are not exchanged. For exam-
ple, Egs. (25) for the dipole moments give

9%(S,
8<12 =0
d%(S
2 = i) 26)
2
a(.)(;z> = _('012<Sz>
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Fig. 3. Time dependences of the spin magnetization pro-
jections after a sudden application of an ac field. It is con-
sidered that the spin is initially in the equilibrium state
(6). Parameters of calculations: ® = 0y + D, ; =1 G,
and D=1G.

As expected, the dipole moment vector rotates in
this case in a circle in the yz plane with frequency ®, in
a rotating coordinate system and performs the Torry
nutation in the laboratory coordinate system.

In the presence of zero field splitting, the motion of
the dipole moment vector occurs in accordance with
Egs. (23), (25) in a much more complicated trajectory.
To demonstrate this, we consider below the results of
numerical solution of Egs. (23).

3.2. Manifestations of Zero Field Splitting in “Nutation”
of Spin S =1

Spin “nutation” depends on the relation between
parameters @, and D. In the limiting cases, ®,/|D| > 1
Vol. 135
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Fig. 4. Time dependences of the quadrupole moment of spins after a sudden application of an ac field. The initial spin state is

considered the equilibrium state (6). Parameters of calculations: ® = wy + D, o; =

and ®,/|D] < 1, the motion of the magnetization vec-

tor is the Torry nutation with frequencies , and V2 o,
respectively, in a good approximation. When , and D
are comparable, the motion of the spin is much more
complicated. Figure 3 shows for illustration the calcu-
lated dependences of dipole moment (magnetization)
projection of spin for®w; =1 Gand D=1 G.

The motion in this can be described by the Torry
nutation only when the magnetization projections in a
rotating coordinate system vary with time with a certain
nutation frequency Q,, (see expression (12)) [1, 2].

The curves in Fig. 3 show that the spin dynamics
cannot be described in any way with one frequency of
oscillations of the spin moment projections. Figure 3
also clearly demonstrate that beats of frequency are
manifested in the time dependence of projections. For
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the given specific set of parameters, the main contri-
bution comes from two oscillations with different fre-
quencies.

To demonstrate the reversible mutual conversion
of the dipole and quadrupole spin moments in the
nutation conditions, Fig. 4 shows the time depen-
dence of the quadrupole moment components for the
same values of parameters of the system, for which the
time dependences of the dipole moment projections
are given in Fig. 3.

Comparison of the time dependences of the dipole
(see Fig. 3) and quadrupole (see Fig. 4) moments
shows that for the chosen parameters with a period of
about 1 us, the mutual conversion of the dipole and
quadrupole moments takes place.

The strong difference of the trajectory of the tip of
the spin dipole moment vector in space for the given
Vol. 135
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Fig. 5. Trajectories of the tip of the dipole moment vector in the projection onto different planes, which are plotted based on the

time dependences from Fig. 3.

set of parameters, which has been obtained from the
solution of Eq. (23), from the trajectory predicted by
the Torry theory is clearly seen from the parametric
curves of projections of these trajectories on different
planes (Fig. 5) and the 3D representation (Fig. 6).

Figure 5 also shows for comparison the projection
of the dipole moment onto the yz plane in the hypo-
thetic case when the dipole moment projections onto
the axes are given by Egs. (12) that correspond to the
Torry nutation; it is a circle (see the curve in the upper
left panel). In the case of Torry nutation (12), the pro-
jection onto the xy or xz plane degenerate into a line on
the y or z axis, respectively. The clearest idea of the
motion of the dipole moment vector is given by its 3D
representation (Fig. 6).

It should be noted that in the absence of zero field
splitting (for D = 0), the Torry nutation is realized. It
can clearly be seen from Figs. 3, 5, and 6 that the
inclusion of splitting in zero magnetic field B, radically
changes the trajectory of the tip of the spin dipole
moment vector.

This is obvious. However, the results of calcula-
tions considered here lead to one more less obvious,
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but important observation. It turns out that not only
the direction of the dipole moment vector, but also its
length changes with time. Using the results repre-
sented in Fig. 3 and expression

M =\M;+M,+M:

it is possible to calculate the length of this vector at any
instant (Fig. 7). This figure shows that oscillations
with at least two frequencies are manifested because
the effect of oscillation beats is clearly seen.

The oscillations of the length of the dipole moment
vector in the presence of splitting in zero field (D # 0)
are explained by reversible transformations of the
dipole and quadrupole moments, which are described
by Egs. (23).

The observed “nutation” of the magnetization vec-
tor depends on the initial state of spins. The numerical
calculations considered above have been performed
for the situation when the spins are in thermodynamic
equilibrium at the instant of sudden ac field applica-
tion (see expression (6)). However, as noted above, the
spins can initially be in a nonequilibrium state. For
example, in the case of photoexcitation of organic
Vol. 135
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Fig. 6. Three-dimensional representation of the motion of
the spin dipole moment vector for (a) # = 30 and (b) # =
200. Parameters of calculation are the same as in Fig. 3.

molecules, the molecules in the triplet excited state are
often characterized by a large quadrupole spin
moment [4, 5]. Solving Egs. (3) for the initial state
with a nonzero quadrupole spin polarization compo-

nent, p(0) = SZ2 , we find the dipole moment projec-
tions. The results are shown in Fig. 8.

The results shown in Figs. 3 and 8 differ only in that
they have been obtained for different initial states of
spins. In the case depicted in Fig. 3, the spins have
only dipole polarization at the initial instant, while in
the case represented in Fig. 8, only the quadrupole
polarization component differs from zero. It can be
seen that the temporal behavior of the experimentally
observed spin dipole moment depends very strongly
on the initial state of spins. It can be observed that the
z projection of the magnetization in Fig. 3 at the initial
instant has the highest value, while in the conditions of
Fig. 8, all projections of the dipole moment start from
zero value. In both cases, the observed projection of
the dipole moment is the sum of the contributions of
oscillating terms. However, these oscillations with dif-
ferent frequencies can appear in the observable quan-
tity with quite different amplitudes.

4. CONCLUSIONS

Analysis of the response of the spin system to a sud-
den application of an ac magnetic field (“nutation™)
makes it possible in principle to determine all magne-
toresonance parameters of spins. The registration of
“nutation” can be a convenient method for determin-
ing the total electron spins of paramagnetic particles.
Despite the rich potential of this method, it is
employed quite seldom (e.g., in EPR spectroscopy).
This is probably due to the fact that the theory of
“nutation” has not attracted sufficient attention. In

Fig. 7. Time dependence of the length of the dipole moment vector of spin magnetization M = ,[M f + M y2 + M 22 . Parameters of

calculation are the same as in Fig. 3.
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jections after the sudden application of an ac field. The ini-
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tial state of spins is assumed to be p(0) = Sz2 . Parameters of
calculations: ® =0y + D, ®;=1G,and D=1G.

fact, the present level of the theory of spin dynamics
makes it possible to simulate numerically the expected
“nutation” of spins in many cases.

This study was aimed at revealing some general fea-
tures of the dynamics of spins during their “nutation.”
To simplify the problem, the effect of paramagnetic
spin relaxation was not considered; attention was con-
centrated on analysis of the spin dynamics with
account for the spin—spin interaction and the interac-
tion of spins with an external ac magnetic field of an
arbitrary intensity. Analysis was performed in two rep-
resentations: using the quantum mechanics in the
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Schrodinger formulation and in the Heisenberg for-
mulation. In the Schrodinger formulation, the com-
plete description of the spin system is obtained using
the wavefunction (or density matrix). According to
Heisenberg, the state of the system is determined by
the complete set of experimentally measurable physi-
cal quantities. Both approaches ultimately lead to
completely identical results. However, at intermediate
stages, these approaches operate with different con-
cept using different “languages.” Different approaches
makes it possible to better understand the behavior of
spins during their motion in different conditions
(in particular, during “nutation”).

The traditional quantum theory of “nutation” is
constructed using the Schrodinger approach [5, 6, 13].
In this case, a complex nutation signal, which is the
sum of the contributions oscillating with different fre-
quencies, is interpreted as a manifestation of different
one-quantum and multiquantum coherences. It is
shown in this study that the Heisenberg approach
makes it possible to obtain a different interpretation of
a complex behavior of the “nutation” signal and gives
a more visual description of the behavior of the
observed signal. In experiments on “nutation,” the
measured quantity is one of the projections of the spin
dipole moment. However, the spin dipole moments do
not provide a full description of the spin state in a sys-
tem of interacting spins. Apart from the dipole polar-
ization of spins, the corresponding multipole polariza-
tions (moments) of spins must be taken into account.
When the spin—spin interactions have time to be man-
ifested in the interval of transient “nutation” regime,
apart from the proper nutation of the dipole moment
in magnetic fields, periodic variations of the magni-
tude of the dipole moments are manifested in the time
dependence of the magnetization due to reversible
conversion of the dipole moment into multipole
moments on the one hand and, on the other hand,
periodic variations of the components of multipole
moments can be observed.

The results of this study make it possible to formu-
late the following conclusions.

1, The Bloch equations cannot be used for describ-
ing “nutation” of interacting spins (including the
splitting of the spin energy levels in zero magnetic
field).

2. “Nutation” of the spin dipole moment with
account for the spin—spin interaction cannot in prin-
ciple be reduced to the Tory nutation.

3. “Nutation” of spins in the presence of the spin—
spin interaction cannot be explained disregarding
multipole spin moments.

4. For spin .S = 1, the system of coupled linear dif-
ferential equations for the projections of the dipole
magnetic moment and the components of the quadru-
pole magnetic moment is obtained in explicit form.
These equations clearly show that in the “nutation”
conditions, reversible transformations of the dipole
Vol. 135
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moment (magnetization vector) and multipole
moments of the spin system occur.

5. In “nutation” conditions, the length of the mag-
netization vector does not remain constant even with
the disregard of paramagnetic relaxation.

In this study, an isolated systems of spins have been
considered, in which the spin Hamiltonian parameters
are preset constants, and the contribution of the para-
magnetic relaxation to the motion of spins is not taken
into account. Therefore, the results of this study are
applicable above all to paramagnetic centers in solid
matrices. These results pave new ways in the applica-
tion of spin “nutation” for analysis of spin dynamics,
in the development of pulsed EPR spectroscopy, and,
in particular, in quantum calculations and quantum
informatics, where electron spins are used as cubits.
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