
BI-CRITICAL POINTS

IN COMPRESSIBLE SOLIDS

D.E. Khmelnitskii and Fan Zhang

9 November 2012

Cavendish Laboratory

University of Cambridge

Cambridge

United Kingdom

1



Outline

• Type II Phase Transition

(Larkin and Pikin, 1969 )

– Coupling with deformation

– Gibbs Free energy

– The Fold

• Bi-critical point

– Mean Field Phase Diagram

– Gibbs Free energy

– Spinodals

– The Surface of Free Energy

– Phase Diagrams

• An attempt of a summary

2



Type II Phase Transition

Consider a type II Phase Transition at T = Tc. Generic

Hamiltonian which leads to it, has the form

H({ηi}) =
∑

i

(

a

2
η2

i +
b

4
η4

i

)

+
∑

ij

Vij(ηi − ηj)
2 (1)

The Helmholtz Free energy F (T ) at fixed volume V has a

singularity

F (T ) = F (Tc) −A|T − Tc|
2−α, α > 0. (2)
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Elastic Deformation

Elastic deformation u(r) has the energy

Hel =

∫

dr

{

λ

(

∂uα

∂rα

)2

+ µ

(

∂uα

∂rβ

)2
}

(3)

Deformation also leads to a shift of critical temperature and

parameter a in the Hamiltonian is replaced by

a→ a+ q
∂u

∂r

So,

H =
∑

i

(

a+ q div u

2
η2

i +
b

4
η4

i

)

+
∑

ij

Vij(ηi − ηj)
2. (4)
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Gibbs Free Energy

So, if we want to find now the Gibbs Free Energy Φ(T, σαβ) at

given stress σ̂, the prescription is simple:

Φ(T, σαβ) = −T ln

∫

∏

i

dηidu(ri) exp



−
H({ηi}) +Hel − σαβ

∑

i

(

∂uα/∂r
β
i

)

T





(5)

For this purpose, represent

∂uα(r)

∂rβ
= uαβ +

1

N

∑

k6=0

ikβuα(k)eikr

So, instead of integrations over u(ri) we can integrate over u(k)

and uαβ.
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Partition Function

One can see that integration over transverse phonons ku(k) = 0

and the shear part of deformation tensor

u
(s)
αβ = uαβ −

δαβ

3
uγγ

are reduced to the Gaussian integration.

Integration over longitudinal phonons ku(k) = ku results in

appearance of the new term

∼ q2
∑

k6=0

∑

ij

η2
i η

2
j

K0 + 4µ/3
eik(ri−rj)

In order to add the missing term with k = 0, make the substitution

uαα =
v

K0

√

3K0 + 4µ

4µ
+

1

K0

(

1 −

√

4µ

3K0 + 4µ

)

∑

i

η2
i −

p

K0
(6)
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Partition Function

This results in

Φ =
p2

K0
−T ln

∫

dv exp

{

−
1

T

[

3K0 + 4µ

8µ
v2 + F

(

a+ q
v − p

K0
, b−

3q2

3K0 + 4µ

)]}

Macroscopic limit corresponds to the steepest descent in this

integral. Therefore,

Φ =
p2

K0
+

3K0 + 4µ

8µ
v2 + F

(

a+ q
v − p

K0
, b−

3q2

3K0 + 4µ

)

∂Φ

∂v
= 0
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Fold

since F (a) ∝ a2−α, condition

∂Φ

∂v
= 0

can be presented graphically as
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LP

(A)

(B)

Figure 2
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Alternative Explanation

λδ(  q )

= 
Π

1  − λ Π
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Crossing. Mean Field

a
b

T T

h h

φψ

φ + ψ

ψ

φ

H =
∑

i

[

aψ2
i + αφ2

i + bψ4
i + βφ4

i + γφ2
iψ

2
i + ..

]
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Effect of compressibility

Assume the singularity

F (a, α) ∝ A|a|2−ξ +B|α|2−ζ + C|α|1−ζ |a|1−ζ

Effect of elastic deformation

a→ a+ q divu, α→ α+ J divu

All this leads to

Φ = −
p2

K0
+

3K0 + 4µ

8µ
v2 + F (a′, α′, b′, β′, γ′)

∂Φ

∂v
= 0

where

a′ = a+ q
v − p

K0
, α′ = α+ J

v − p

K0
, b′ = b−

3q2

3K0 + 4µ
, ...
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Projection

F igure 7
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Phase Diagram

T

h

14



Phase Diagram
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Phase Diagram
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Phase Diagram
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Summary
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