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Circuit QED

 Quantum optics with microwave circuits:

[Scholkoepf and Girvin, Nature ‘08]

— optical cavity » microwave resonator
— atom P qubit

« Small “cavity”, large "atom” » strong light-
matter interaction



Many Body Physics

« Controllable simulators of many-body physics

Ultracold atoms in Microwave photons
an optical lattice j> in a circuit:

f»@ Ll @<;_

Cold atomic gas

sc qubit

{3 [Koch et al., PRA ‘10]
[Bloch Nature ‘08]

 Could we start with something simpler?
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Quantum Impurities

« Small system coupled to guantum environment

— 2 level system in a — Magnetic impurity in a
bosonic bath (spin-boson)  Fermi sea (Kondo)

\o=o/

« Easy to study:

— Experimentally: nanophysics (QDs,nanograins,...)

— Theoretically (RG,bosonization,CG,CFT,Bethe,NRG,DMRG,...)
* Teach us about:

— Strong correlations (asymptotic freedom, quantum phase
transitions, non Fermi liquid, ...)

— Nanophysics and quantum computation (qubits)




Example: Kondo

« Realizations
— Magnetic impurity

— Quantum dot with odd electron number (spin qubit)

e — @

 Anderson impurity model:

H=H, +(5+%jnT “{g_BZij +UNN, +tlciy, (x=0)+ciw, (x=0)+H.c]

i

H(Snv = ngclj,sck,s Vs (O) — ch,s [=mv|tf™: level width
k,s k




The Kondo Problem
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 Local moment regime [I'<<e+U,le]] » Kondo model:

env

|
H,=H? +7xy[s+s_(0)+s_s+(0)]+ 1.S.s (0)+B,S,
N

—

Impurity spin: G

. 1
Environment spin: S(O) = >

+ —
ch,so-s,s'

k,k's,s'

T

., =l.=1~t2/U>0: exchange

Xy~ 'z

B,: local magnetic field

Cy s

* Problem: divergences [Kondo '64]
— Example: susceptibility

2= 2 m] 2 e

Wy

Tj T }ﬁ @,: bandwidth "




Kondo Physics

RG equations (B,=0)
[Anderson]. d(vl Z)

=V

. 2| 2 \
Xy
oy bandwiath | dIna,

v: local DoS d(vl Xy)
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dIn a, Y
Ferromagnetic Kondo: /
— Impurity decoupled

— SUSS:epthIIIty: X-,~C [ Kn;zﬁl(l)etic 0 A -Fel?(')(l)ll(rilggnetic vl
Kosterlitz- \/
Thouless [Antiferromagnetic Kondo:
— Impurity strongly-coupled (asymptotic freedom)

transition
— susceptibility: y,,~1/T+... (Fermi liquid)
Ty: Kondo temperature T, = @, €XP [—1/(V| )]
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Superconducting Grain Array

[Manucharyan et al.,
Science ‘09]



Superconductlng Grain Array

@%/////é/w = %" [Manucharyan et al.,

N RefB50Q I 'i\'g/ _—— N . ¢
w@‘;}ﬁ/@§$§&\/ % Science ‘09]
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Assuming C>>C’
¢ o I_I_I ®o o0 \C
JIJIJIJIIJIJII) Q.
T T T T T T T T He= Z{J cos(4 — ., )+ f}
C C CcC C C c c c |

@ O Mhea = %j 90,600F + 9 [ (0] Jax

— Waveguide for microwave photons 1(x) o 9,4(X)
— Usually g>>1, but g~1 possible Velocity: via =o,=+vC/J
: - ‘ jc R

[0<1: Glazman & Larkin, PRL ‘97] Admittance: 8= “e* _ 22




Adding a Quantum Impurity
c' C c' C

Quantum ®
Impurity
* Artificial atom in
microwave waveguide ; —
\

« Motivations:
— Quantum optics » many-body effects

— Condensed matter » bosons



Adding a Quantum Impurity
c' C c' C

* Transport Measurement:

— Charge » conserved
— Energy P not conserved (dissipation)

« Where does energy go?

— Photons at different frequencies!
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System
« Quantum impurity: two capacitively coupled grains,
weakly coupled (J, g<<J) to the leads

— Only two charging states (n ,x=0,1 Cooper pairs)
c C Cy Cr C C




System
« Quantum impurity: two capacitively coupled grains,
weakly coupled (J, r<<J) to the leads

— Only two charglng states (nL,R—O 1 Cooper pairs)

T <0

V4R
lead — 2_ 6 ¢£ (X)] + g pf (X)

7T = LR

= Zggng +U, N N,

/=L,R

Hieomo = > 1U,N,2,(0)+3,|1,)0, ™ +H.c

/=L,R




Relation with Anderson Impurity

g O@“ (- C

refermlonlzatlon

— Spin anisotropy
— Luttinger liquid (g#1)
— Level-lead interaction

Generalized Anderson
Impurity model:



Kondo Descrlptlon

C0¢ f@@f U

/] M’

* In Coulomb blockade valley —“local moment”
regime {n, +ng=1}:

— Singly occupied states — “spin” {S,=(n -ny)/2}
— Equivalent to Kondo with noninteracting lead:

|
H, = H? +7[s s (0)+S s (0)]+IZSZSZ(0)+BZSZ

env

Z Impurity spin: §
£.C..C
Heny SRR Environment spin: ch 55,5

k,k's,s'




Kondo Parameters
O*%%‘f( 9

_ m

Hy = H? +7[s s_(0)+S_s,(0)]+1,S,s,(0)+B,S,

env 2771

« Schrieffer-Wolf (simplified expressions):



KondoC.Parapeters
; CLR
(- Ol ()

tTN
— @

|
H,=H? +7W[S+s_(0)+8_s+(0)]+| S,s,(0)+B,S,

env Z-7171

« Schrieffer-Wolf (simplified expressions):

BZ sz_(C;R %Vg,l_ _Vg,R 505(5L+5R)/2
m 1 1 o — bandwidth
Uy ~2—= + 0 v — local DoS
Wy “90‘ &y TU R




Kondo Parameters

env

tTN
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H, —HP° _|_I7[S s (0)+S_s (O)]+I

_VQ,R &,
1 j

0 z2\] Ja 1
g ‘go‘ & +U
A~ aL+aR @' 1
2 “Ra)o ‘gg‘ g, +U 4

ZSZ (O) —I_ BZSZ
Schrieffer-Wolf (simplified expressions):
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0y — bandwidth
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Relevant Regime for SC

O CLR P( O
‘ley /
Kosterlitz-
vy, zZ + ] Thouless
“90‘ ‘90+ULR transition

a’ + ol J2 1 1
U, ~1-—+—F4 +

: D) [gg gﬁumj / /

Ferromagnetic 0 Anti- Ferromagnetlc V|/

1 gU,
Kendeo z

AN

N

G
e Typically: g>>1, U, x>0 » | >Ny, AFM Kondo

* <1 possible [Glazman & Larkin, ‘97] B> |,<—1, , FM <ondo
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C', C'y
CLR
R ®
O--@ 1s(®)
= =
CL d CR F
o = (=) Tu(®)

e Current transmission coefficient:

(@) Gw) {{i(%)ii(X0)))
TL — rans — — %}
(a)) Iin (CO) GO (C()) <<|(Xln)1 i(Xout)>>;)k

linear response
— Similarly for reflection 1(X) oc 0, ¢(X)

(Xin<0’ Xout>o)




Elastic Scattering

S

e Elastic T matrix:

27T/ () = {RL(Q}) b Tele) J ,0=L,R

T (@)  Rg(w)-

— Generalization (finite temperature) of photon elastic
scattering amplitudes:

Qph (x,2";w) = QF()%) (z,2";w) + QAI()_%) (2,0;w) T (w) QI()%) (0, 2";w)



Scattering and Susceptibility

C C'y
CLR
3 - A R trans(®)
T T
Cr

CL

Lo

B,(0)

T matrix Related to local spin susceptibility (by

equations of motion): % 1 (1 gugj
Ao | a,=—7—|1-
TE'IIK (C()) — (_1)566 aﬂaé'a)lzz (0)) \/6 N

— Experimental probe for dynamic susceptibility!




Kondo Susceptibility

* New low energy scale: =d+al~
T ~a)(vl )Wz
O . /
e For T, Bz<<TK: 1 , ol 4 [TU(o)
— Low o [Shiba]: #=(®) =g I+l
— High o:
U (@)/2]° i -
Zzz(a))~i[ 5 (@) | :IKTKJ
), w\
0 | o
TK

C0+E0~ | 2<)
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S Scatterlng FuIIy Elastic?

IjCLR@

T

Iin((’))

ns(©)

Iref(w

« Rate of energy loss /total |neF1ast|c scattering
probability for a photon at frequency o

7, (@)=1-|T,[ —|R, ['=

4ﬂa€2a)lm[lzz (C())]— aﬁ (aL + OKR)(O ‘Zzz (C())‘
« Zero for harmonic systems
— Kondo at w<<Ty : vanishes to O(w?) [Nozieres, Shiba]

 Nonzero in general !

— Kondo at @>>Ty : O( [vL,/2]°) —dominating over
elastic transmission, O( [VL,,/2]*)



Inelastic Scattering

C'L C'R
Q) ! l CLR
|_
L _‘]R
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Inelastic Scattering

« Spectrum of outgoing photons (“Raman’)

# of outgoing photons in lead {" at frequency interval
[0, '+dw’] per each incoming photon in £ and o

Yoy (0'| )]




Inelasct:.ic Spectrum
L CLR R

B, ()
* linear response in energy flux —

~ T
2"d order in charge current (00'| @) = an-;i;i (0,~m)
Ve \@1O) = 20
: n, ;i (Q),—C())
* Reducible to local correlators (Keldysh formalism):
Yo (0| @) = ﬂafaja)a)' <SfoSfo>a,;__w-, +C0t%(<55335353>w',_w', —<SZquSZqu>w.,__w., ﬂ
A\ N
°(S:8:),y 5%(S, (")
a32 (C())&.D)Z (_a)) d32 (a)')dBZ (0))&32 (—0))




Perturbative Regime ()

- To lowest (2"9) order in I, ocJ| I (0>>Ty):
, (1 /47za)

00}

O(w— ) {1+ng () [1+ng (00— a)) —ng (@), (0— )}

w}@_ veeed

« Equivalent to Bolzmann equation:

N+N' 1
dd_t ( j Z‘a‘IN |J‘d“)1 jda),\, jdwl ___"%nwl...nwN (1+ nw.l)..(1+ nw.N,)x

@'y

Yo (@' @) = 47ra a

m< e|a¢(0) e Ia¢(0) >

(@+n )5(a, +... + @ — 0~ —@) =N S0+ @, +...+ 0y — @~ )]



Perturbative Regime (ll)

e At T=0:

A\1-2u1,; | T 2U,
, 5 9 @, | —w s 2 D— @
V(0| @) = max 05,(vlw)Z > =ra“a” . —
b 00, @ Y oo \ow—w

0

0 ()

— Obeys energy conservation:

ZJVW (0| w)o'do' =y, (0)o

('=L,R
* What happens for o-o’" or ® small w.r.t. T, ?



Bosonlc Kondo at Low Energy (1)

« Kondo Hamlltonlan lg

i env ___‘-[8 ¢ (X)]de
He =HS, +1,5, 209 2|3 eiﬁ%(o)ﬁ

env |~ + +H'C'

| w2 Li(4v) is a
» Equivalent to spin-boson:  phase shift

|

H., =U"H,U = HS”V+W+ 9 g
T 2ma

U =240 Al, =1 -2y

* At "strong coupling Toulouse point”, L/(4v)=n/2:
Al, =0

— Spinin S, eigenstate



Bosonic Kondo at Low Energy (Il

« Deviations from “Toulouse point”:

Ly 0,9,(0)
H. —HO S +AlLS,
env ™ 27a 72\/_

* At low energy, flipping S, Is not allowed. Thus:

H o He,+ 28 6 o

Xy

!

He = Henv+ﬁ[ ¢ (O)]



Kondo at Low Energy

{
T — &)

* Low energy description for Fermions [Nozieres]:

E T & 1
— ngcl_:,sck,s o Z Ck ka s 2 pr¢
k,s ks 27tV v Ty

e Bosonization:
2 / 2
H _HO +_[ ¢(O)] env:_j[a¢(x)] dx

eff env

K

— Lowest term allowed by symmetries (time reversal)

— No inelastic scattering of bosons to O(®w?)



Low Energy Inelastic Scattering

« Least-irrelevant many boson term:

— no magnetic field V*
J T3[6 ,(0)] o< \Jkkkk,ala a a, +..

— with magnetic field 6,64, (0) o /k1k2k3al:rlak2ak3 +...

* |nelastic spectrum éor oo<
-0 )|(o—ow +B2
Vfw(wla)) 0505 ( )

o(/ o’




Back to High Energies

* For @>>Ty (following considerations similar to o<<T):

a)—a)'( T, jmz
: o \ow—o
7£'|£(a)|a))

770550@2. o—-® small: at least
two photons for
B,=0, one otherwise

o small




Conclusions

 Quantum impurity in circuit QED: Many

body physics with photons

— No dissipative elements, yet dissipative linear
response of charge current

— Missing energy? P inelastic photon scattering

— Scattering amplitudes »local response
functions

Example: anisotropic Kondo for microwaves
— N leads » SU(N) [Carmietal., PRL'11]; 2 channel?



