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Transport through S-N and S-I-S Interfaces

BCS superconductivity: pair potential ∆ = g〈c−k↓ck↑〉

quasiparticles with gap |∆| in density of states

Cooper-pair condensate

subgap transport

Andreev reflection

∆

S N

V

Cooper pair breaks/forms

Josephson current

S S

transfer of Cooper pairs

Jjos(Φ) = Jc sinΦ
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Josephson coupling due to

cotunneling

Jjos ∝ Γ2

π-state for odd occupation

theory:
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How to Establish a Josephson Coupling?

higher-order tunneling (cotunneling)

Jjos ∝ Γ2

(equilibrium) proximity effect in single-level QD

finite pair amplitude: 〈d↓d↑〉 6= 0

requirement: E0 ≈ E↑↓ < E↑ = E↓

impossible for large charging energy, U ≫ kBT,Γ

nonequilibrium proximity effect in single-level QD

finite pair amplitude: 〈d↓d↑〉 6= 0

third, normal electrode drives dot out of equilibrium
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Model: Anderson Hamiltonian

ΓS ΓS

J

ΓN

L JR

µ N

−Φ/2Φ/2

N

QD
E = 0 ǫ ǫ 2ǫ + U

quantum dot: HD =
∑

σ ǫd†σdσ + Un↑n↓

leads: Hη =
∑

kσ ǫkc
†
ηkσcηkσ −

∑

k

(

∆ηc
†
ηk↑c

†
η−k↓ + H.c.

)

superconducting leads: phase biased with ±iΦ/2

normal lead: voltage biased with µN

tunneling: Htunn,η = Vη

∑

kσ

(

c†ηkσdσ + H.c.
)

⇒ charging energy, superconductivity, and nonequilibrium
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Diagrammatic Transport Theory

Pala, Governale, J.K., NJP ’08; Governale, Pala, J.K., PRB ’08

general idea: reduced density matrix for dot

– integrate out leads: contractions 〈c†ηkσcηkσ〉 and 〈cηkσc†ηkσ〉

– expand in tunnel coupling, treat interaction exactly
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2S-dot-N in Nonequilibrium

ΓS ΓS

J

ΓN

L JR

µ N

−Φ/2Φ/2

N

QD

Governale, Pala, J.K., PRB ’08

|∆| → ∞: all orders in ΓS

first order in ΓN

isospin representation

Ix = Re〈d↓d↑〉; Iy = Im〈d↓d↑〉; Iz =
〈d†↑d↑ + d†↓d↓〉 − 1

2

kinetic equation for isospin:
dI

dt
= A −R · I + I ×B

how to proximize the dot:

combined S-dot-N Andreev reflection: A
(1)

Andreev reflection at S-dot interface: I ×B
(0)
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Andreev bound states

without SC: resonances at ǫ and ǫ + U

with SC: Andreev bound-state energies:

EA,γ′,γ = γ′U

2
+ γ

√

(ǫ + U/2)2 + Γ2
S
cos2(Φ/2) with γ, γ′ = ±
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four resonances

avoided crossing

at δ = 2ǫ + U = 0

with gap 2ΓS| cos(Φ/2)|
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Andreev Current JL + JR

ΓS/U = 0.1
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Andreev current probes nonequilibrium proximity effect

maximal around ε = −U/2

Andreev bound-state energies:

EA,γ′,γ = γ′ U
2 + γ

√

(ǫ + U/2)2 + Γ2
S
cos2(Φ/2) with γ, γ′ = ±
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Josephson Current JL − JR

ΓS/U = 0.1
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equilibrium Josephson current suppressed by charging

nonequilibrium Josephson current for finite µN

π-transition driven by ǫ or µN

Andreev bound-state energies:

EA,γ′,γ = γ′ U
2 + γ

√
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S
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Dot Charge

ΓS/U = 0.1
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dot charge probes nonequilibrium proximity effect

nonmonotonicity around ε = −U/2

Andreev bound-state energies:

EA,γ′,γ = γ′ U
2 + γ

√
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S
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Crossed Andreev Reflection

ΓS

ΓL ΓR

S

µ µ

µ   = 0

.

S

QDF ,F

Futterer, Governale, Pala, J.K., PRB ’09

|∆| → ∞: all orders in ΓS

first order in ΓL,R

spin polarization p in leads

parallel/antiparallel leads

µS = 0, µL = µR = µ

TMR =
Janti

S − Jpara
S
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S

crossed Andreev reflection

(Cooper-pair splitter)
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Negative Nonlocal Conductance

R
µ   = 0

ΓS

ΓL ΓR

S

µ

µ   = 0
S

QDN N

Futterer, Governale, Pala, J.K., PRB ’09

|∆| → ∞: all orders in ΓS

first order in ΓL,R

µS = µR = 0, µL = µ

nonlocal conduct. G = −JR

µL

four steps

sensitive to detuning δ

negative nonlocal conduct.
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Nature 461, 960 (2009)

→ spin-entangled electron pair in normal leads
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double quantum dot in carbon nanotube

→ spin-entangled electron pair in normal leads
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Proximity Effect in Double-Dot Systems

Eldridge, Pala, Governale, J.K., preprint ’10

ΓNL
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N   RQD

S

N   L QD

non-local pair amplitude:

〈dL↑dR↓ − dL↓dR↑〉 6= 0

negative bias µS < 0:

transport through singlet

Cooper pair splitter

positive bias µS > 0:

spin triplet occupied

triplet blockade
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Shot Noise Reveals Proximity Effect

Braggio, Governale, Pala, J.K., preprint ’10
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Cooper pair cotunneling

Poissonian transfer of 2e

Fano factor F = 2
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Fano factor F = 1
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Generation of Pure Spin Currents

Futterer, Governale, J.K., EPL ’10
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Conclusions

nonequilibrium proximity effect in single-level QDs

0-π-transitions for Josephson current

local and non-local Andreev transport

tunable by gate and bias voltage

proximity effect in double dots

Cooper pair splitter

triplet blockade

proximity effect revealed by shot noise

generation of pure spin currents
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