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Tunable electron-electron correlation in nanosystems:
1. Strong interactions: low density → strong interactions
2. Dimensionality: 1D → particles canʼt pass → interact
3. Charging: energy required to place additional electron 

I. Quantum phase transition and dynamically enhanced 
symmetry in 4 quantum dots
• correlation of localized electron coupled to electron gas 

II. Interaction-induced localization in a quantum wire
• tune density by gate + quasi-1D  localization
• barriers form dynamically  Coulumb blockade physics

Two examples:



Quantum Phase Transition and Dynamically Enhanced 
Symmetry in Quadruple Quantum Dot System

(Dong Liu, S. Chandrasekharan, HUB)
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Quantum Monte Carlo: Susceptibility
World line QMC with directed loop update (discretized imaginary time)
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[Dong Liu]
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Then there is a crossover to a SU(2) charge Kondo state.
Finally, an additional small increase in U ′ causes a QPT
of the Kosterlitz-Thouless (KT) type to a charge ordered
state (CO) (as in Refs. 11, 12) consisting of an unscreened
doubly degenerate ground state [15].

Model—The quantum dots in Fig. 1(a) are capacitively
coupled in two ways: U is the vertical interaction (be-
tween L+ and L−; R+ and R−) and U ′ is along the
diagonal (between L+ and R−; L− and R+). Along the
horizontal, there is no capacitive coupling but there is
direct tunneling t (between L+ and R+; L− and R−).
Each dot couples to a conduction lead through Γ = πV 2ρ
where ρ is the density of states of the leads at the Fermi
energy. The whole system is spinless. We consider only
the regime in which the four dots contain 2 electrons.

The system Hamiltonian is H = Hlead +Himp +Hcoup,

where Hlead =
∑

i,s,k εkc†iskcisk describes the four con-
duction leads (i = L, R; s = +,−), and Hcoup =

V
∑

i,s,k(c†iskdis+H.c.) describes the coupling of the leads
to the dots which produces the Kondo interaction. Himp

is the Anderson-type Hamiltonian

Himp =
∑

i=L,R

∑

s=+,−

εdd
†
isdis +

∑

i=L,R

Un̂i+n̂i− (1)

+ U ′(n̂L+n̂R− + n̂L−n̂R+) + t
∑

s=+,−

(d†LsdRs + d†RsdLs)

We take U " U ′ so that there is one electron on the left,
and one on the right.

We can reformulate Himp as an exchange Hamiltonian
by noticing that the right-hand (left-hand) sites form a
pseudo-spin: $Si =

∑
s,s′ d†si$σss′dsi/2. When t # U , the

effective Hamiltonian for the quantum dots is

Heff
imp $ JH

$SL · $SR − J̃zS
z
LSz

R (2)

where JH $ 4t2/(U − U ′/2) and J̃z $ 2U ′. Thus t con-
trols the strength of the Heisenberg interaction among
the dots, and U ′ controls the Ising coupling. The eigen-
states of the impurity site are the usual (pseudo)spin sin-
glet and triplet states, |S〉, |++〉, |−−〉, and |T 0〉.

Two limits of our model have been studied previously.
First, for U ′ = 0, it becomes the well-known two im-
purity Kondo model [13, 14]. If direct charge transfer
is totally suppressed, a QPT occurs between a Kondo
screened state (in which the impurities fluctuate between
all four states, singlet and triplet) and a local spin singlet
(LSS) [13, 14]. When direct tunneling is introduced, the
QPT is replaced by a smooth crossover[14]. Second, when
t = 0, the model has [11, 12] a Kosterlitz-Thouless (KT)
type QPT between the Kondo screened phase at small
U ′ and a charge ordered (CO) phase at large U ′. The
CO phase has an unscreened doubly degenerate ground
state corresponding to |++〉 and |−−〉.

We solve the model (1) exactly by using finite-temp-
erature world line quantum Monte Carlo (QMC) simula-
tion with directed loop updates [16, 17]. We study the
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FIG. 2: (color online) (a) Local charge susceptibility as a func-
tion of temperature. The power-law behavior of the top three
curves indicates the CO phase. The peak and low-T constant
in the lowest curves indicate the LSS state. The low-T sat-
uration of the middle curves is due to Kondo-like screening.
(b) Pesudospin-pseudospin correlation as a function of U ′ for
different β. Inset: Zoom near the crossing point. The cross-
ing of the singlet and doublet levels occurs at U ′

LC = 0.142.
corresponding to level crossing. (U = 3, Γ = 0.2, and t = 0.3.)

regime in which there is a LSS state in the absence of

Ising coupling: 4t2/U > T L/R
K where T L/R

K is the Kondo
temperature of the left or right pseudospin individually.
Taking the leads to have a symmetric constant density
of states, ρ = 1/2D, with half-band-width D = 2, we
focus on the case U = 3, Γ = 0.2, and t = 0.3. β = 1/T
is the inverse temperature. As U ′ is varied [a horizontal
scan in Fig. 1(b)], the gate potential is chosen such that
εd = −(U +U ′)/2, placing the dots right at the midpoint
of the two electron regime.

Thermodynamics—As a first step toward distinguish-
ing the different phases, we look at the local charge sus-

ceptibility χloc
c ≡

∫ β
0
〈A(τ)A(0)〉dτ , where A ≡ nL+ +

nR+ − nL− − nR− and ni,s is the charge density of the
dot labeled i, s. Fig. 2(a) shows χloc

c as a function of
temperature for different values of U ′. The curves show
three types of behavior. First, for small Ising coupling
(U ′ ≤ 0.11), χloc

c is roughly constant at low T and has a
peak at higher temperature. This is the LSS phase. The
value of T at which χloc

c peaks decreases as the energy
spacing between the singlet |S〉 and doublet, {|++〉, |−−〉},
decreases. Second, at the other extreme, for large Ising
coupling (U ′ ≥ 0.15), χloc

c behaves as 1/T down to our
lowest T . This is a clear signature of the CO phase in
which the two charge states |++〉 and |−−〉 are de-
generate. The tunneling t does not lead to any relevant
operator which might destroy the CO phase [15]; thus,
although the phase boundary is a function of t, the es-
sential nature of the KT QPT [Fig. 1(b)] is not affected.
Third, for intermediate values of U ′, χloc

c becomes large
and then either decreases slightly at our lowest T or sat-
urates. This behavior can be produced by either a near
degeneracy between the singlet and doublet states or by
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to the dots which produces the Kondo interaction. Himp

is the Anderson-type Hamiltonian

Himp =
∑

i=L,R

∑

s=+,−

εdd
†
isdis +

∑

i=L,R

Un̂i+n̂i− (1)

+ U ′(n̂L+n̂R− + n̂L−n̂R+) + t
∑

s=+,−

(d†LsdRs + d†RsdLs)

We take U " U ′ so that there is one electron on the left,
and one on the right.

We can reformulate Himp as an exchange Hamiltonian
by noticing that the right-hand (left-hand) sites form a
pseudo-spin: $Si =

∑
s,s′ d†si$σss′dsi/2. When t # U , the

effective Hamiltonian for the quantum dots is

Heff
imp $ JH

$SL · $SR − J̃zS
z
LSz

R (2)

where JH $ 4t2/(U − U ′/2) and J̃z $ 2U ′. Thus t con-
trols the strength of the Heisenberg interaction among
the dots, and U ′ controls the Ising coupling. The eigen-
states of the impurity site are the usual (pseudo)spin sin-
glet and triplet states, |S〉, |++〉, |−−〉, and |T 0〉.

Two limits of our model have been studied previously.
First, for U ′ = 0, it becomes the well-known two im-
purity Kondo model [13, 14]. If direct charge transfer
is totally suppressed, a QPT occurs between a Kondo
screened state (in which the impurities fluctuate between
all four states, singlet and triplet) and a local spin singlet
(LSS) [13, 14]. When direct tunneling is introduced, the
QPT is replaced by a smooth crossover[14]. Second, when
t = 0, the model has [11, 12] a Kosterlitz-Thouless (KT)
type QPT between the Kondo screened phase at small
U ′ and a charge ordered (CO) phase at large U ′. The
CO phase has an unscreened doubly degenerate ground
state corresponding to |++〉 and |−−〉.

We solve the model (1) exactly by using finite-temp-
erature world line quantum Monte Carlo (QMC) simula-
tion with directed loop updates [16, 17]. We study the
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FIG. 2: (color online) (a) Local charge susceptibility as a func-
tion of temperature. The power-law behavior of the top three
curves indicates the CO phase. The peak and low-T constant
in the lowest curves indicate the LSS state. The low-T sat-
uration of the middle curves is due to Kondo-like screening.
(b) Pesudospin-pseudospin correlation as a function of U ′ for
different β. Inset: Zoom near the crossing point. The cross-
ing of the singlet and doublet levels occurs at U ′

LC = 0.142.
corresponding to level crossing. (U = 3, Γ = 0.2, and t = 0.3.)

regime in which there is a LSS state in the absence of

Ising coupling: 4t2/U > T L/R
K where T L/R

K is the Kondo
temperature of the left or right pseudospin individually.
Taking the leads to have a symmetric constant density
of states, ρ = 1/2D, with half-band-width D = 2, we
focus on the case U = 3, Γ = 0.2, and t = 0.3. β = 1/T
is the inverse temperature. As U ′ is varied [a horizontal
scan in Fig. 1(b)], the gate potential is chosen such that
εd = −(U +U ′)/2, placing the dots right at the midpoint
of the two electron regime.

Thermodynamics—As a first step toward distinguish-
ing the different phases, we look at the local charge sus-

ceptibility χloc
c ≡

∫ β
0
〈A(τ)A(0)〉dτ , where A ≡ nL+ +

nR+ − nL− − nR− and ni,s is the charge density of the
dot labeled i, s. Fig. 2(a) shows χloc

c as a function of
temperature for different values of U ′. The curves show
three types of behavior. First, for small Ising coupling
(U ′ ≤ 0.11), χloc

c is roughly constant at low T and has a
peak at higher temperature. This is the LSS phase. The
value of T at which χloc

c peaks decreases as the energy
spacing between the singlet |S〉 and doublet, {|++〉, |−−〉},
decreases. Second, at the other extreme, for large Ising
coupling (U ′ ≥ 0.15), χloc

c behaves as 1/T down to our
lowest T . This is a clear signature of the CO phase in
which the two charge states |++〉 and |−−〉 are de-
generate. The tunneling t does not lead to any relevant
operator which might destroy the CO phase [15]; thus,
although the phase boundary is a function of t, the es-
sential nature of the KT QPT [Fig. 1(b)] is not affected.
Third, for intermediate values of U ′, χloc

c becomes large
and then either decreases slightly at our lowest T or sat-
urates. This behavior can be produced by either a near
degeneracy between the singlet and doublet states or by

2
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∑
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the dots, and U ′ controls the Ising coupling. The eigen-
states of the impurity site are the usual (pseudo)spin sin-
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First, for U ′ = 0, it becomes the well-known two im-
purity Kondo model [13, 14]. If direct charge transfer
is totally suppressed, a QPT occurs between a Kondo
screened state (in which the impurities fluctuate between
all four states, singlet and triplet) and a local spin singlet
(LSS) [13, 14]. When direct tunneling is introduced, the
QPT is replaced by a smooth crossover[14]. Second, when
t = 0, the model has [11, 12] a Kosterlitz-Thouless (KT)
type QPT between the Kondo screened phase at small
U ′ and a charge ordered (CO) phase at large U ′. The
CO phase has an unscreened doubly degenerate ground
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We solve the model (1) exactly by using finite-temp-
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regime in which there is a LSS state in the absence of

Ising coupling: 4t2/U > T L/R
K where T L/R

K is the Kondo
temperature of the left or right pseudospin individually.
Taking the leads to have a symmetric constant density
of states, ρ = 1/2D, with half-band-width D = 2, we
focus on the case U = 3, Γ = 0.2, and t = 0.3. β = 1/T
is the inverse temperature. As U ′ is varied [a horizontal
scan in Fig. 1(b)], the gate potential is chosen such that
εd = −(U +U ′)/2, placing the dots right at the midpoint
of the two electron regime.

Thermodynamics—As a first step toward distinguish-
ing the different phases, we look at the local charge sus-

ceptibility χloc
c ≡

∫ β
0
〈A(τ)A(0)〉dτ , where A ≡ nL+ +

nR+ − nL− − nR− and ni,s is the charge density of the
dot labeled i, s. Fig. 2(a) shows χloc

c as a function of
temperature for different values of U ′. The curves show
three types of behavior. First, for small Ising coupling
(U ′ ≤ 0.11), χloc

c is roughly constant at low T and has a
peak at higher temperature. This is the LSS phase. The
value of T at which χloc

c peaks decreases as the energy
spacing between the singlet |S〉 and doublet, {|++〉, |−−〉},
decreases. Second, at the other extreme, for large Ising
coupling (U ′ ≥ 0.15), χloc

c behaves as 1/T down to our
lowest T . This is a clear signature of the CO phase in
which the two charge states |++〉 and |−−〉 are de-
generate. The tunneling t does not lead to any relevant
operator which might destroy the CO phase [15]; thus,
although the phase boundary is a function of t, the es-
sential nature of the KT QPT [Fig. 1(b)] is not affected.
Third, for intermediate values of U ′, χloc

c becomes large
and then either decreases slightly at our lowest T or sat-
urates. This behavior can be produced by either a near
degeneracy between the singlet and doublet states or by



G = lim
ωn→0

g(iωn)

QMC:	
  Conductance
Conductance	
  can	
  be	
  evaluated	
  by	
  linear	
  response	
  formula:	
  

O.	
  F.	
  Syljuåsen,	
  PRL	
  (2007)

Conductance	
  extrapola(on	
  works	
  for	
  regular	
  Kondo

(2001)

Matsubara	
  Frequencies

Px(τ) ≡
�

z>x

nz(τ)

g(iωn) ≡ ωn

�

� β

0
dτ cos(ωnτ) �Px(τ)Py(0)�

Matsubara	
  frequency



QMC:	
  Conductance	
  in	
  Quadruple	
  Dots

G = lim
ωn→0

g(iωn)

KT	
  quantum	
  phase	
  transi(on;	
  universal	
  jump	
  in	
  conductance!

resonant	
  enhancement	
  of	
  G
from	
  level	
  crossing

[Dong Liu]



Temperature	
  Dependence	
  of	
  G	
  Near	
  Transi?on	
  

T

slightly	
  into	
  charge-­‐ordered	
  phaseslightly	
  below	
  QPT



Template
Conductance Near the Level Crossing

3

charge Kondo screening of the doublet {|++〉, |−−〉}. As
we will see from the conductance data below, the QPT
to the CO phase occurs at a value U ′

KT between 0.146
and 0.15.

To extract the position of the level crossing between
|S〉 and {|++〉, |−−〉}, we calculate the pseudospin cor-
relation function 〈Sz

LSz
R〉 as a function of U ′ for different

T [Fig. 2(b)], where Sz
i = (n̂i+ − n̂i−)/2. For U ′ = 0, the

ground state is the LSS so that 〈Sz
LSz

R〉 $ −0.2 is close to
−1/4. On the other hand, for large U ′, in the CO phase,
〈Sz

LSz
R〉 is positive and approaches 1/4. (The charge fluc-

tuations due to tunneling to the leads causes the values
to differ slightly from ±1/4.) The crossing point of the
curves for different temperatures gives the position of the
(renormalized) level crossing. The inset shows that it
occurs at 〈Sz

LSz
R〉 ≈ 1/12, which is consistent with the

isolated-dots limit. The position of the level crossing is,
then, U ′

LC ≈ 0.142; note that this does not coincide with
the QPT to the CO phase (0.146 < U ′

KT < 0.15).
Conductance—Conductance is a crucial observable ex-

perimentally. However, QMC is only able to provide nu-
merical data for the imaginary time Green function at
discrete Matsubara frequencies—the conductance cannot
be directly calculated. The zero bias conductance for an
impurity model can be obtained [18] by extrapolating
to zero frequency: G = limωn→0 g(iωn) where g(iωn) ≡∫ β
0

dτ cos(ωnτ)〈Px(τ)Py(0)〉ωn/! and Py =
∑

y′≥y n̂y′ .
We have recently shown that this method works very well
for Anderson-type impurity models in the Kondo region
at low temperature [19].

We use this method [15] to find the conductance be-
tween the left and right leads as a function of U ′ for
different T ; the results are shown in Fig. 3. For U ′

small (U ′ ! 0.1), the conductance is small because the
phase shift is nearly zero in the LSS state [13]. For U ′

large (U ′ > 0.15), the conductance is also small and ap-
proaches zero as U ′ → ∞, consistent with the argument
in Ref. 11. At intermediate values of U ′, there is a strik-
ingly sharp conductance peak near the value of U ′ where
the level crossing occurs. Here, the conductance increases
as T decreases and approaches the unitary limit 2e2/h as
T → 0. The position of the conductance peak approaches
the level crossing U ′ = 0.142 at low temperature [15]. Its
association with the level crossing suggests that this peak
comes from fluctuations produced by the degeneracy of
|S〉 and {|++〉, |−−〉}.

A sharp jump appears after the peak: notice that the
conductance at U ′ = 0.146 increases at lower tempera-
ture while that at 0.15 decreases [see panels (b) and (c)
for clarity]. The latter behavior is the signature of the
CO phase, while the former suggests a Kondo-like phase,
namely the dynamic screening of the {|++〉, |−−〉} dou-
blet. Thus, this sharp jump is associated with the KT
QPT from the screened to the CO phase [11], which oc-
curs between U ′ = 0.146 and 0.15.

Effective theory near the level crossing—To gain in-
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FIG. 3: (color online) (a) Zero bias conductance as a function
of U ′ for two values of β. Inset: Zoom on the peak caused by
the U(1)×U(1) ground state. The T = 0 expectation from the
effective theory near the level crossing is indicated schemat-
ically by the black solid line; the two points of discontinuity
(the level crossing and the KT QPT) are marked by dashed
lines. (b),(c) Conductance as a function of temperature for
U ′ = 0.146 and 0.15, respectively; the opposite trend in these
two curves shows that they are on opposite sides of the QPT.

sight into the conductance peak, we develop an effective
theory near the level crossing. Using Γ/U as a small
parameter, we make a Schrieffer-Wolff transformation to
integrate out |T 0〉; to include tunneling, processes of or-
der Γt/U2 must be included [20]. Higher-order terms in
Γ/U are neglected. In the leads, only the combinations∑

k c†isk ≡ c†0,is need be considered as these are the lo-
cations to which the dots couple. The resulting effective
Kondo Hamiltonian reads

Heff
Kondo = J I

⊥(M I
+SI

− + M I
−SI

+) + 2J I
zM

I
zS

I
z

+ J II
⊥ (M II

+SII
− + M II

−SII
+) + 2J II

z M II
z SII

z . (3)

The defination of pseudospins type I and II (the opera-
tors M act on the dots and the operators S act on the
lead sites) can be found in Supplementary Material[15].
For t/U ) 1 and particle-hole symmetry, J⊥

I $ Jz
I $

4V 2/(U + U ′) and J⊥
II $ Jz

II $ 8V 2t/(U + U ′)2.
Renormalization effects in Heff

Kondo can be analyzed us-
ing poor man’s scaling [21], yielding the scaling equations

dJ I
⊥/d lnD = −2ρ(J I

⊥J I
z + 3J II

⊥J II
z )

dJ II
⊥/d lnD = −2ρ(J II

⊥J I
z + 3J I

⊥J II
z )

dJ I
z/d lnD = −2ρ[(J I

⊥)2 + (J II
⊥ )2]

dJ II
z /d lnD = −4ρJ I

⊥J II
⊥ . (4)

Numerical solution of these equations reveals that at a
certain value of D, all the coupling constants simulta-
neously diverge. This defines the problem’s characteris-
tic energy scale D0, which can be considered the Kondo

[Dong Liu]
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The S operators satisfy the following commutation relations:

[SI
+, SI

−] = 2SI
z [SI

z, S
I
±] = ±SI

±

[SII
+ , SII

− ] = 2SI
z [SII

z , SII
±] = ±SI

±

[SI
+, SII

− ] = 2SII
z [SI

z, S
II
±] = ±SII

± (3)

[SII
+ , SI

−] = 2SII
z [SII

z , SI
±] = ±SII

±

[SI
+, SII

+ ] = 0 [SI
−, SII

−] = 0 [SI
z, S

II
z ] = 0 .

These relations generate the SO(4) algebra, so the six S operators form an SO(4) algebra. However, the six M
operators do not form an SO(4) algebra. If the standard basis for the fundamental representation of SU(3) is Fi,
i = 1, 2, . . . , 8 [3], the defination of the six M operators are

M I/II
+ =

√
2(|++〉〈S| ∓ |S〉〈−−|) = (M I/II

− )†

M I
z = |++〉〈++| − |−−〉〈−−|

M II
z = |++〉〈++| + |−−〉〈−−|− 2|S〉〈S| , (4)

which can be written as the linear combinations

M I
z = F3, M II

z = (2/
√

3)F8,

M I
+ = (F4 + iF5 − F6 + iF7)/

√
2, M I

− = (F4 − iF5 − F6 − iF7)/
√

2, (5)

M II
+ = (F4 + iF5 + F6 − iF7)/

√
2, M II

− = (F4 − iF5 + F6 + iF7)/
√

2 .

The two missing operators |++〉〈−−| and |−−〉〈++| can be written as

|++〉〈−−| = F1 + iF2, |−−〉〈++| = F1 − iF2 . (6)

Therefore, the six M operators combined with the two missing operators form an SU(3) algebra.
Up to order Γ/U , there is no direct process which leads to |++〉 ⇔ |−−〉. The only path leading to |++〉 ⇔ |−−〉

is via the singlet state as an intermediary: |++〉 ⇔ |S〉 ⇔ |−−〉. When higher-order terms (Γ/U)2 are considered,
the four electron hopping terms do produce a direct |++〉 ⇔ |−−〉 process:

Heff
flip = A

∑

k,k′ ,q,q′

(
|++〉〈−−|c+

kL−ck′L+c+
qR−cq′R+ + h.c.

)
. (7)

Since Heff
flip is comprised of four electron operators, its naive scaling dimension is negative, suggesting that Heff

flip is

irrelevant. To check this, consider the one-loop RG equations. The scaling equations for the system combining Heff
flip

with Heff
Kondo [Eq. (3) of the main text] consist of the original four equations in Eq. (6) of the main text plus one

additional equation:

dA

d lnD
= −2ρJ I

⊥A . (8)

Solving these five equations numerically with J I
⊥ > 0, we find that the coupling A flows to 0 for any initial value.

Therefore, Heff
flip is an irrelevant operator in the strong coupling phase, which confirms the naive scaling-dimension

analysis.

IV. EFFECTIVE THEORY NEAR THE QPT

To study the physics near the KT quantum phase transition, we develop a low energy effective theory closely
following Refs. 4 and 5. First, consider the effective Hamiltonian in the large U ′ limit without tunneling, and note
that the energy of |S〉 is much higher than that of {|++〉, |−−〉}. Using Γ/U as a small parameter, we make a
Schrieffer-Wolff transformation to integrate out |T 0〉 and |S〉; higher-order terms are neglected. The resulting fixed
point Hamiltonian is

Heff
CO =

∑

k,s=L/R,σ=+/−

εksσc+
ksσcksσ + K

∑

kk′ sσ

(
n̂Lσ + n̂Rσ − 1

)
c+
ksσck′sσ . (9)
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Up to order Γ/U , there is no direct process which leads to |++〉 ⇔ |−−〉. The only path leading to |++〉 ⇔ |−−〉

is via the singlet state as an intermediary: |++〉 ⇔ |S〉 ⇔ |−−〉. When higher-order terms (Γ/U)2 are considered,
the four electron hopping terms do produce a direct |++〉 ⇔ |−−〉 process:

Heff
flip = A

∑

k,k′ ,q,q′

(
|++〉〈−−|c+

kL−ck′L+c+
qR−cq′R+ + h.c.

)
. (7)

Since Heff
flip is comprised of four electron operators, its naive scaling dimension is negative, suggesting that Heff

flip is

irrelevant. To check this, consider the one-loop RG equations. The scaling equations for the system combining Heff
flip

with Heff
Kondo [Eq. (3) of the main text] consist of the original four equations in Eq. (6) of the main text plus one

additional equation:

dA

d lnD
= −2ρJ I

⊥A . (8)

Solving these five equations numerically with J I
⊥ > 0, we find that the coupling A flows to 0 for any initial value.

Therefore, Heff
flip is an irrelevant operator in the strong coupling phase, which confirms the naive scaling-dimension

analysis.

IV. EFFECTIVE THEORY NEAR THE QPT

To study the physics near the KT quantum phase transition, we develop a low energy effective theory closely
following Refs. 4 and 5. First, consider the effective Hamiltonian in the large U ′ limit without tunneling, and note
that the energy of |S〉 is much higher than that of {|++〉, |−−〉}. Using Γ/U as a small parameter, we make a
Schrieffer-Wolff transformation to integrate out |T 0〉 and |S〉; higher-order terms are neglected. The resulting fixed
point Hamiltonian is

Heff
CO =

∑

k,s=L/R,σ=+/−

εksσc+
ksσcksσ + K

∑

kk′ sσ

(
n̂Lσ + n̂Rσ − 1

)
c+
ksσck′sσ . (9)

Schrieffer-Wolff transformation yields effective Hamiltonian:

What about effect of 
spin flips?:

Naive scaling dimension of Heff is <0 ➔ irrelevant operator
But, shift of electrons in the lead causes orthogonalty catastrophe,
Heff can become relevant for sufficiently small Δ ➔ no charge order. 
Our work: check similarly that tunneling t doesnʼt change the story, only 
where transition occurs.
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Schrieffer-Wolff Transformation ➔ Effective Hamiltonian
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dJ I
⊥

d lnD
= −2ρ(J I

⊥J I
z + 3J II

⊥J II
z )

dJ II
⊥

d lnD
= −2ρ(J II

⊥J I
z + 3J I

⊥J II
z )

dJ I
z

d lnD
= −2ρ[(J I

⊥)2 + (J II
⊥ )2]

dJ II
z

d lnD
= −4ρJ I

⊥J II
⊥

lim
D→D0

J I
⊥ :J II

⊥ :J I
z :J II

z

→
√

2:
√

2:1 :1

Low Energy Effective Theory Near Level Crossing (2)

Poor manʼs scaling: Couplings diverge at some scale
D0 which can be taken as Kondo temp.

more symmetry at the strong coupling 
fixed point (dynamically enhanced)



U(1)charge × U(1)pseudospin × Z2,± × Z2,left-right

Z2,left-right −→ U(1)left-right

SI
z,Tot ≡M I

z +
�

k

SI
z,k

SII
z,Tot ≡M II

z +
�

k

SII
z,k

Z2,left-right

Low Energy Effective Theory Near Level Crossing (3)

What is the symmetry??

Symmetry of effective Hamiltonian:

U(1)pseudospinFor instance, is generated by 

Well, what about 

does not commute with bare H, but does commute 
with the strong coupling Hamiltonian

a π rotation of this type generates

➔ conductance



Phase Diagram

Quantum Phase Transition and Dynamically Enhanced Symmetry in
Quadruple Quantum Dot System

Dong E. Liu, Shailesh Chandrasekharan, and Harold U. Baranger
Department of Physics, Duke University, Box 90305, Durham, North Carolina 27708-0305, USA

(Dated: August 5, 2010)

We propose a system of four quantum dots designed to study the competition between three types
of interactions: Heisenberg, Kondo and Ising. We find a rich phase diagram containing two sharp
features: a quantum phase transition (QPT) between charge-ordered and charge-liquid phases, and
a dramatic resonance in the charge liquid visible in the conductance. The QPT is of the Kosterlitz-
Thouless type with a discontinuous jump in the conductance at the transition. We connect the
resonance phenomenon with the degeneracy of three levels in the isolated quadruple dot and argue
that this leads to a Kondo-like dynamical enhancement of symmetry from U(1)×Z2 to U(1)×U(1).

PACS numbers: 73.21.La, 05.30.Rt, 72.10.Fk, 73.23.Hk

Strong electronic correlations create a variety of inter-
esting phenomena including quantum phase transitions
[1], emergence of new symmetries [2], non-Fermi-liquid
behavior [3, 4], and Kondo resonances [5]. It is likely that
new, yet undiscovered, phenomena can arise from unex-
plored competing interactions. Today, quantum dots pro-
vide controlled and tunable experimental quantum sys-
tems to study strong correlation effects. Further, un-
like most materials, quantum dots can be modeled using
impurity models that can be treated theoretically much
more easily. Single quantum dots have been studied ex-
tensively, both theoretically and experimentally, which
has led to a firm understanding of their Kondo physics
[6, 7]. More recently, the focus has shifted to multiple
quantum dot systems where a richer variety of quantum
phenomena become accessible [6, 7]. These include non-
Fermi liquids [8], dynamical enhancement of symmetry
[9], and quantum phase transitions [10–12].

In this work we propose a quadruple quantum dot sys-
tem, that is experimentally realizable, in which three
competing interactions determine the low temperature
physics: (1) Kondo-like coupling of each dot with its lead,
(2) Heisenberg coupling between the dots, and (3) Ising
coupling between the dots. Thus, there are two dimen-
sionless parameters with which to tune the competition.
The pairwise competing interactions, Kondo/Heisenberg
and Kondo/Ising, have both been studied previously.
The two impurity Kondo model with a Heisenberg inter-
action between the impurities shows an impurity QPT
from separate Kondo screening of the two spins at
small exchange to a local spin singlet (LSS) phase at
large exchange. This has received extensive theoretical
[10, 13, 14] and experimental [7] attention. The compe-
tition between Kondo and Ising couplings has also been
studied theoretically for two impurities [11], including
in the quantum dot context [11, 12]; however, no experi-
mentally possible realization of this competition has been
proposed to date.

Our system consists of four quantum dots and four
leads, as shown in Fig. 1(a), with two polarized (spinless)

electrons on the four dots. We find that the system has a
rich phase diagram, Fig. 1(b), in terms of the strength of
the Heisenberg interaction controlled by t and the Ising
interaction controlled by U ′. In the absence of the Ising
interaction we start in the local spin singlet (LSS) phase.
Upon increasing the Ising strength, we find that the sys-
tem first evolves continuously to a new Kondo-type state
with a novel U(1)× U(1) strong coupling fixed point.
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FIG. 1: (color online) (a) Quadruple-dot system. U and U ′

are electrostatic interactions while t and Γ involve electron
tunneling. (b) Ground state phase diagram as a function
of the Ising/Kondo tuning U ′/Γ and the Heisenberg/Kondo
tuning t/Γ. The two distinct phases—charge ordered (CO)
and charge liquid—are separated by a KT quantum phase
transition [blue crosses (numerical) and green dashed line
(schematic)]. Several cross-overs lie within the charge-liquid
phase. Red stars mark the level crossing where the U(1)×U(1)
state is found (numerical). The charge Kondo region lies be-
tween the red and blue lines. “LSS” denotes the local spin sin-
glet state (Heisenberg coupling dominates), while when both
Heisenberg and Ising couplings are weak, the system consists
of inidividually screened Kondo states on the left and right.
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r2D
s ≡ 1√

πna0

Interaction-Induced Localization in an 
Inhomogeneous Quantum Wire

(Devrim Güçlü, Amit Ghosal, Hong Jiang, Cyrus Umrigar, and HUB) 

Parametrize interaction strength: 
ratio of interaction strength to kinetic energy

r1D
s ≡ 1

2na0

How will such physics appear in an inhomogeneous system?

n(r)

r

high

low

high

• interface between 
       liquid & crystal ?
• broken translational 
  invariance  smaller      ?

� 

rs
c

Comp. Tech.
high
density

low
density

Extended Localized
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Model: Quasi-1D Wire with Depleted Region

• 2D electrons confined to a ring – Coulomb interaction
• transverse confinement is harmonic
• Vsg depletes electrons in a certain region
• parameter “s” controls steepness of the potential
• narrow ring – only one transverse channel

Typically: N ~ 30; size of depleted region ~0.3-0.7 µm for GaAs 

-



VMC+DMC
Tool: Variational and Diffusion Quantum Monte Carlo

• Slater dets taken with single particle (i) DFT orbitals or (ii) Gaussians
! - agree to high accuracy – can use either one
     includes near-degeneracy and dynamic correlation
• use DMC on optimized wavefunction to project out the ground state
! apply 
• used previously for circular quantum dots:
! compared with exact diagonalization for N=3, 4 and 6 

VMC followed by DMC with fixed node approximation

based on variational principle:

trial wave-function:

[Cyrus Umrigar]

(actual Jastrow used much more complex)

� 

exp{−τH}



Template
Density: Depleting a Short Constriction

N=30, S=0, L=0.35

!!!

[Devrim Güçlü]

[liquid (LSDA) orbitals]



Density: Long Constriction, Steepness of Potential 

A
D

steep external potential

smooth external potential

N=31, L=0.7

[Devrim Güçlü]
[floating Gaussian orbitals]



Tunable Strong Correlations in Quantum Wires and Dots  

CONCLUSIONS

 QPT and Kondo resonance in quadruple quantum dots
• may provide experimental access to a charge-ordered QPT: 
                  KT type, universal jump in the conductance
• resonance: triple level degeneracy ➔ conductance peak
         “Kondo” associated with peculiar symmetry enhancement 

 Interaction-induced localization in a quantum wire
• nature of interface controlled by steepness of external potential
• sharp Vext: electrons trapped by dynamic barrier 
                     ➔ Coulomb blockade; do Kondo correlations form?
• smooth Vext: in long constriction, smooth connection from 
                     liquid to crystal 
 



Dong Liu, S. Chandrasekharan, HUB 

Devrim Güçlü, Amit Ghosal, 
Hong Jiang, Cyrus Umrigar, HUB


