example: Jarzynski relation
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Work done: W
Free energy gain: AF

thermodynamics: (W) > AF
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example: Jarzynski relation

pr .

E Sy

Work done: W
Free energy gain: AF

thermodynamics: (W) > AF

Jarzynski relation (1997):

<€—%(W—AF)> _q

Implies existence of processes in which work is gained out of fluctuations!

Samstag, 25. September 2010



FR: describe the interplay of fluctuations and
dissipation out of equilibrium
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> literature: focus on fluctuation relations as rigorous bounds in
nonequilibrium statistical mechanics

> here: FR as diagnostic tool in transport
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transient fluctuation relations in transport
Chernogolovka, Sep. 20. 10

Boris Narozhny, Alessandro de Martino, Alexander Altland, Cologne University
Reinhold Egger, Diusseldorf University

> master equation
> stochastic path integral
> fluctuation relations

> example: RC circuit

arXiv:1007.1826, 1005.4662
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master equation
and
stochastic path integral




setup
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setup

> describe setup in terms of
system particle number and
currents

M
dtn—|— ZL/ =0
v=1

quantity of interest:

{Il,...,lu}[gf,...,gﬂ

+

|
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setup

> describe setup in terms of M
system particle number and dgn + Z iy =10
r=1

currents
quantity of interest: [ ”/ |
\\ .// g /

{I, ... ,IM}[ng, . ,gf]

> describe dynamics of particle currents in terms of rates

g—l—
2 = exp (=B(0aU ~ f1)
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setup

> describe setup in terms of M
system particle number and dgn + Z iy =10
r=1

quantity of interest:

{I, ... ,IM}[ng, . ,gff]

> describe dynamics of particle currents in terms of rates

g—l—
g—li = exp (—=B(0U - 1))

> local energy change due to entering particle:

AB,(n) =U(n+1) = U(n) = f, = 0,U(n) - £,

internal energy . driving force
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example

mesoscopic RC circuit

Samstag, 25. September 2010



example

mesoscopic RC circuit

C
Il IQ
— NVW——A\N—
n
Rl Rz
=
| T |
> island charge
n2
> internal energy: U (n) = 50
> driving: f, = (—)V%
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System Variable n U(n) 5
electronic circuits (see Sec. 1V) charge charging energy bias voltages
molecular motors®® mechanochemical state of motor protein load potential ATP concentration
chemical reaction networks®® number of reaction partners internal energy |chemostat concentrations
adaptive evolution®’ allele frequencies log equilibrium dist. fitness gradients
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master equation

> consider probability Py (1)

0,P,;(n) = —H,P,(n),

M
& A WAL
Hg(nap) — Z (1 3 ein) gy,t(n)a
+,v=1
(one step) master equation
where e f(n) = f((n+1),  [p,A] =1
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stochastic path integral

> represent probability in terms of (imaginary time) stochastic path integral

Zr=1= ZPt(n) = /D(n,p) e—Sg[n,p]p(n_T)’

Sqln,p] = —/_T dt (pn — Hy(n,p))

Kubo et al., 73

Y

Y
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ramifications

Keldysh
path integral

A\ 4

stochastic

path integral

\ 4

quadratic momenta

»

>

Martin-Siggia-Rose
path integral

\ 4

HST in momenta

»
>

Onsager Machlup
path integral

A 4

master Fokker-Planck Langevin
equation equation equation
‘Schroedinger equations’
1/generality
Samstag, 25. September 2010



information from the path integral

> functional partition function normalized to unity. Want to obtain currents.

Hg(n,p) = Hg(n,p,x) = > (1 — ¥~ X)) g, (n)

8

. cf. vector potential

> generating functional (Pilgram et al. 03)

/D n,p)e —59 [n,p,x]p(n_T)j

gl Py x| = —/T dt (pn — Hg(n,p, X)) -

—T

> current statistics

Zslx] = <€_7;z,,f_; dt"”l”> ,
f

) ) ‘
6XV17t1 5XV27t2 - X:O

<IV1,751[V2,752 50 < > —
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fluctuation relations




fluctuation relations

| f
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fluctuation relations

| f

Y
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fluctuation relations

| f

10
Tz |
¢
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fluctuation relations

A f A T f

Pf [gj] — Pb[jl'gj] Xeﬁ@[fc] Xeﬁ(U[:U]—AF) — Pb[TCC] X eﬁ(W[x]_AF)
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time reversal

Sgln,p, Xl = Sp,[Tn, T(p— B0:U), T(x + iB5)] + BlU(n,) — U(n_,)].

X=n,0U X = (TX)=X_,

BED o B g =
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time reversal

Sellm, ol = Sz [ Tp — B0, U Ebe SRS i

6 N S I eiiEYY

BED o B g =

7] = / D(n, p)e=STslnp TOKBI p(n_ ) = Z,[T(x +iB1)]
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time reversal

Sgln,p, x| = Sp,[Tn,T(p— BO,U), T(x +iBf)] + BlU(n,) — U(n_.)].

6 N S I eiiEYY

BED o B g =

7] = / D(n, p)e=STslnp TOKBI p(n_ ) = Z,[T(x +iB1)]
!

fluctuation relations
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functional fluctuation relations
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functional fluctuation relations

P[] = P[T1)e P J-rdt 200 Julv

functional Crooks relation (cf. Bochkov & Kusovlev, 81)

<66f17-dt nyvll/> X 1
f

functional Jarzynski relation
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applications




Information from fluctuation relations

> information on rare event statistics
> generalized Onsager relations for AC transport
> information on effective distributions prevalent in the system

> information on joint statistics of particle transport and energy
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Information from fluctuation relations

> Information on rare event statistics

> information on effective distributions prevalent in the system
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application: mesoscopic RC circuit

> two terminal setup
2

> system parameters: (G, = 20%

V fluctuates at scales larger than RC-time

V/ I' large (shot noise regime) or small (thermal regime)

> microscopic description through master equation with rates

i tky,¢(n) Vi

) = Gyt () = 0,0 () + ()
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applications I:
rare event statistics




current fluctuations

> near equilibrium T/V > 1 : thermal (Johnson-Nyquist) fluctuations

—
>
\C_U,‘IOOO —
4
C
GLJ 500 [~
— 5
o
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current fluctuations

> crossover regime T /V ~ 1

AV. .[\ V‘Nﬁ]\ AIA M. n
N VV\/WV\/ VVV

0 20 40 60 80 100
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current fluctuations

> out of equilibrium T'/V <« 1

200 -

100 [~

50 [~

-50 -

-100 ~

20 40 60 80 100
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current fluctuations vs. Jarzynski relation

<€ﬁf’_rT dt V(12—11)>f L

functional Jarzynski relation

off equilibrium: probes rare events through variable X = e” JI, dtV(I2—I1)
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current fluctuations vs. Jarzynski relation

<66 JZ, dtV(I2—11)>f =

functional Jarzynski relation

off equilibrium: probes rare events through variable X = 65 JZ, dtV(Iz=Ti)
<
| |
0.1;- ﬂ
T/V = 100 time (au)
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100000 |-

functional Jarzynski relation

omwwhwu¢mm"mMWMﬂwwlhhﬁ“MW«%MWJb¢J%Jl




Jarzynski relation cont’d

0.1
P(X)

0.01

0.001

0.0001

le-05

thermal regime:

L | | L | | | L Ii | | | | EE e e | I__ .
E\\\ It/VOG 1 __ ;
L— o 1]
\\ __
=100 S v E
- E R 5 ~ E
L F s ]
C 10 ‘«"’ —= g
. F o = -
= B ’o“‘ 7 £
S e — V,/T=05 =
3 0 0.5 1 1.5 -
L V201: T S VO/T 3 g
| | | | I I | | | | | | I I | | | | | | I I | |
0.1 1 10
X
path integral can be applied to estimate fluctuations of X
(X% ~ P12
(X2Y ; A2 =21

shot noise regime:
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fluctuation statistics

0.1

P(X) L
0.01 -

0.001¢

0.0001

16'05 | T T AT

optimal fluctuation approach to path integral

9 T V2 g192 <I> %

thermal: Gaussian fluctuations around mean <X >f s T — e
LXK
shot noise: rare event statistics <X2 > F o 647'| (I1)(I2)|2e2T

fluctuation statistics of X sensitive probe of nonequilibrium transport processes
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applications II:
distribution diagnostics




use fluctuation relations to explore state of the system

_|_
derivation of FRs based on balance relation z—y_ = exp (—5(0,U — 1))
1%

model dot distribution functions
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use fluctuation relations to explore state of the system

_|_
174

derivation of FRs based on balance relation g—_ = exp (—6(8nU T f,/))

gv

model dot distribution functions

A ’]’Ld

Tee < T4, cooled

ol < -

Tee < T4, isolated -

gr —9grV

gr + 9gr 2

j : Tee > Td ( +)

‘standard’ FR

effective or extended FR

standard FR
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Effective fluctuation relations

9 1
> breakdown of ZX = exp | = (9, U — f,)
v T
— > D need to describe transport at higher resolution (e.g. particle & energy transport)

> define effective temperature through

. — exp ( 1 (0,U — fu))

Teff,l/

phenomenology

comparison to (measured) fluctuation A g
statistics contains information on

mechanisms of nonequilibrium driving.
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summary

fluctuation relations in stochastic dynamics

> are useful when included in out of equilibrium theory of transport

> enable one to describe statistics of rare events

4
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